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1. Introduction
1.1. Motivation. In [Gro99], Gromov motivated the study of quantitative homotopy theory
with a story, where he got different responses from two topologists about the same question
whether the universe is simply-connected. This discussion inspired Gromov to think, instead
of asking a ‘yes or no’ question, it can be more interesting to ask HOW simply-connected
a space is. In Figure 1, the space X is given by a 2-sphere attached with a tiny handle,
which is clearly not simply-connected. However, noticing how small the handle is compared
with the whole space X, one may think that X is ‘almost’ simply-connected in a reasonable
sense. In this paper, we provide a way to measure simply-connectedness in a similar spirit.
Figure 1. The space X given by a 2-sphere attached with a tiny handle.
1.2. Related work. In this section we overview related work.
Quantitative topology and persistence. The idea of topological persistence has inde-
pendently appeared in different settings. In a nutshell, via some functorial constructions
one assigns to a topological space X: (1) for every  ą 0 some space SpXq and (2) for
every α ě  an equivalence relation RαpXq on SpXq. For example, when X is a metric
space, then SpXq could be the collection of k-cycles of its Vietoris-Rips complex VRpXq
and RαpXq the equivalence relation arising from two cycles pc, c1q P RαpXq whenever there
exists a pk ` 1q-chain in RαpXq such that its boundary is the sum c` c1.
Ideas of this type can already be found in the work of Borsuk in the 1940s. For instance,
in [Bor55, Section 3] Borsuk studies the transfer of certain scale dependent topological prop-
erties of compacta under a suitable metric.
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Frosini and collaborators [Fro90, Fro92] and Robins [Rob99] identified ideas related to
concepts nowadays known under the term persistence in the the context of applications. From
an algorithmic perspective, the study of topological persistence was initiated by Edelsburnner
et al. in [ELZ00]. See the overviews [EH08, Car09, Ghr08, Wei11], for more information.
Scale dependent invariants which blend topology with geometry have also been considered
by Gromov [Gro99, Gro07]. For example, in the late 1990s Gromov suggested the study
of homotopy invariants in a scale dependent manner. One question posed by Gromov was:
given a λ-Lipschitz and contractible map f : X Ñ Y between metric spaces X and Y ,
determine the function λ ÞÑ Λpλq such that there exists a Λpλq null-homotopy of f . This
question can be interpreted as a homotopical version of the homological question posed at
the beginning of this section.
Homotopy groups and persistence. In the late 1990s Frosini and Mulazzani [FM99]
considered a construction which blended ideas related to persistence with homotopy groups.
Their construction dealt with pairs pM,ϕq whereM is a closed manifold and ϕ “ pϕ1, . . . , ϕkq :
M Ñ Rk is a continuous function. In this setting, for ζ, η P Rk with ζi ď ηi for all i they
considered a certain pϕζ, ηq-parametrized version of the fundamental group arising from con-
sidering equivalence classes of based loops in sublevel sets Mζ :“ tx P M |ϕipxq ď ζi, @iu
under the equivalence relation: for α and β pointed loops in Mζ , α „η β iff there is a
(pointed) homotopy whose tracks remain in Mη. These groups are then used in order to
obtain lower bounds for the so called natural pseudo distance between two manifolds. A
more comprehensive look at several related ideas is carried out by Frosini in [Fro99].
In [Let12] in his study of knots, Letscher considered the scenario in which one is given a
filtration tXuą0 of a path connected topological space X and for each , δ ą 0 he considered
the group pi
pδq
1 pXq consisting of equivalence classes of (based) loops contained in X under
the equivalence relation stating that two loops in X are equivalent iff there is a homotopy
between them which is fully contained in X`δ.
In [BCW14] Barcelo´ et al. introduced a certain scale dependent notion of discrete ho-
motopy groups associated to metric spaces via the study of 1-Lipschitz maps from n-cubes
into the metric space in question. Barcelo´ et. al explicitly studied the behaviour of their
invariants under scale coarsening.
In his dissertation [Wil11], Wilkins studies a certain notion of discrete fundamental group
which he uses to in turn induce a notion of critical values of a metric space. This notion
differs from the one introduced in [BCW14] in that the respective notions of homotopies
between discrete loops are different.
The notion studied by Wilkins originated in work by Berestovskii and Plaut [BP01] in
the context of topological groups and subsequently extended in [BP07] to the setting of
uniform spaces. In [BP07] the authors also consider discrete fundamental groups as an
inverse system and study its inverse limit. See [Pla07, Page 599, Plaut] for a discussion
about the relationship between Vietoris-Rips complex and discrete fundamental groups.
In [BL17, Section 8.1] Blumberg and Lesnick define persistent homotopy groups of R-
spaces (in a way somewhat different from Letscher’s) and formulate certain persistent White-
head conjectures. In [BPV19] Batan, Pamuk and Varli study a certain persistent version of
Van-Kampen’s theorem for Letscher’s definition of persistent homotopy groups of R-spaces.
In [Rie17] Rieser studies a certain version of discrete homotopy groups of Cˇech closure
spaces. A Cˇech closure space is a set equipped with a Cˇech closure operator, which is a
concept similar to that of a topological closure operator except that it is not required to be
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idempotent. Given a finite metric space X, a way of obtaining Cˇech closure operators is the
following: for each r ě 0 let cr be a map between subsets of X such that crpAq “ tx P X :
dpx,Aq ď ru for each A Ă X. The author shows that each cr is a Cˇech closure operator
and the identity map pX, cqq Ñ pX, crq induces maps ιq,rn : pinpX, cqq Ñ pinpX, crq for every
q ď r and n ě 0. Then he defines the persistent homotopy groups of X to be the collection
tImpιq,rn qurěqě0.
In [Jar19] Jardine utilizes poset theoretic ideas to study Vietoris-Rips complexes (and some
variants) associated to data sets and provides explicit conditions for the poset morphism
induced by an inclusion of data sets to be quantifiably close to a homotopy equivalence.
Jardine also considers persistent fundamental groupoids and higher-dimensional persistent
homotopy in the lecture notes [Jar20].
1.3. Overview of our results. We consider three different definitions of persistent funda-
mental groups. One of them, denoted PΠK,‚1 arises from isometrically embedding a given
metric space X, via the so called Kuratowski embedding, into L8pXq and then applying
the pi1 functor to successive thickenings X
 of X inside L8pXq, cf. Definition 5.5. This
definition is similar in spirit to the construction used by Gromov for defining the so-called
filling radius invariant [G`83]. Another definition, denoted PΠVR,‚1 we consider stems from
simply considering the geometric realization of nested Vietoris-Rips simplicial complexes for
different choices of the scale parameter and then applying the pi1 functor, cf. Definition
5.7. The third, more combinatorial, definition (cf. Definition 5.2) which we consider is one
coming from the work of Plaut and Wilkins [PW13] (see also Barcelo et al [BCW14]). This
construction, denoted simply PΠ‚1, turns out to be isomorphic to the edge path groups of
the nested Vietoris-Rips simplicial complexes used in the previous definition (see Theorem
5.12).
All these three definitions can be constructed in two versions: the open version and the
close version, which will be specified with the supscripts ă and ď respectively. Throughout
this paper, we mainly work on the closed version and will omit the supscripts unless necessary.
Now we observe that these three definitions give rise to isomorphic persistent fundamental
groups.
Theorem 5.12 (Isomorphisms of persistent fundamental groups). Given a pointed compact
metric space pX, x0q, we have
PΠK,‚1 pX, x0q – PΠVR,2‚1 pX, x0q – PΠ2‚1 pX, x0q, (2)
where the second isomorphism is true in either version, and the first isomorphism is true for
the open version and for the closed version with X a finite metric space. In either version,
PΠK,‚1 pX, x0q and PΠVR,2‚1 pX, x0q have homotopy-interleaving distance zero.
For a given compact metric space X and a base point x0 P X denote
PΠ1pX, x0q “
"
pi1pX, x0q
Φ,1ÝÑ pi11 pX, x0q
*
1ěą0
.
It is not difficult to see that under fairly mild assumptions, the structure maps Φ,1 of
persistent fundamental groups of a geodesic space X are surjective and that for sufficiently
small scale parameters the groups involved in the persistent fundamental group of X are
isomorphic to its fundamental group pi1pXq. These two facts when combined suggest that
as the scale parameter increases homotopy classes in X can only become equal (no new
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classes can appear), thus suggesting an existence of a tree-like structure (i.e. a dendrogram)
underlying PΠ1pXq. For instance, when X is S1, the geodesic unit circle, associated to
PΠ1pS1q we have a dendrogram over pi1pS1q – Z shown in Figure 2. The general situation is
stated in the theorem below.
-3
-2
-1
0
1
2
3
pi
1
pS
1
q
2pi
3
Figure 2. The dendrogram associated to PΠ1pS1q. The y-axis represents
elements of pi1pS1q – Z, i.e., homotopy classes of continuous loops in S1 (each
corresponds to an integer).
Theorem 5.15 (Dendrogram over pi1pXq). Let a compact geodesic metric space X be semi-
locally simply connected (s.l.s.c.). Then there is a dendrogram θpi1pXq over pi1pXq, given by
θpi1pXqpq :“
#
pi1pXq, if  ą 0
pi1pXq, if  “ 0.
Dendrograms over a given set can be bijectively associated with an ultrametric over the
set. In this sense one can view the map X ÞÑ θpi1pXq described in the theorem above as a map
from Gromov-Hausdorff space into itself. We prove that this endomorphism is 2-Lipschitz.
Theorem 6.2 (dGH-stability for θpi1p‚q). If compact geodesic metric spaces X and Y are
s.l.s.c., then
dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
ď 2 ¨ dGHpX, Y q.
Of the three definitions of persistent fundamental groups given above, two of them can
be generalized to the case of general homotopy groups thus giving rise to PΠKn and PΠ
VR
n
as persistent versions of pin. As for the case of n “ 1 described in Theorem 5.12, we
still have that PΠK,‚n – PΠVR,2‚n , as well as the ismorphism of persistent homology groups
PHK,‚n – PHVR,2‚n (cf. Corollary 5.11). We furthermore have that under the interleaving
distance (cf. Definition 3.8) the map from compact metric spaces into persistent groups
X ÞÑ PΠKn pXq is 1-Lipschitz.
Theorem 6.1 (dI-stability for PΠ
K
n p‚q and PΠVRn p‚q). Let pX, x0q and pY, y0q be pointed
compact metric spaces. Then, for each n P Zě1,
dI
`
PΠKn pX, x0q,PΠKn pY, y0q
˘ ď dptGHppX, x0q, pY, y0qq.
If X and Y are chain-connected, then
dI
`
PΠKn pXq,PΠKn pY q
˘ ď dGHpX, Y q.
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Via the isomorphism PΠK,‚n – PΠVR,2‚n , the above two inequalities also hold for PΠVRn p‚q, up
to a factor 1
2
.
We relate persistent fundamental groups to the standard persistent homology groups via
a suitable version of the Hurewicz Theorem.
Theorem 5.31 (Persistent Hurewicz Theorem). Let X be a chain-connected metric space.
Then there is a natural transformation
PΠK1 pXq ρùñ PHK1 pXq,
where for each  ą 0, ρ is surjective and kerpρq is the commutator group of PΠK,1 pXq.
The persistent fundamental group of a metric space X often contains more information
than the corresponding first Kuratowski (or Vietoris-Rips) persistent homology group. In
Example 6.6 from §6.1, we compare the torus S1ˆS1 with the wedge sum S1_S1 and obtain
that PHK1 pS1 ˆ S1q – PHK1 pS1 _ S1q, but
dI
`
PΠK1
`
S1 ˆ S1˘ ,PΠK1 `S1 _ S1˘˘ “ pi6 “ supně0 dI `PHKn `S1 ˆ S1˘ ,PHKn `S1 _ S1˘˘ .
In Example 6.6, we also verify that the supremum on the right hand side is attained for
n “ 2.
1.4. Organization of the paper. In §2 we provide a notation key to facilitate reading the
paper.
In §3 we review elements from category theory, metric geometry, and topology which will
be used throughout the paper. In particular §3.4 provides the necessary background about
persistent homology, the interleaving distance, and related concepts.
In §4 we review the concept of discrete fundamental groups from the work of Plaut and
Wilkins [PW13] and Barcelo et al. [BCW14], and prove the discretization theorem (cf.
Theorem 4.19), which states that the limit of discrete fundamental groups is the classical
fundamental group for tame enough spaces. Moreover, §4.4 constructs a stable (under the
Gromov-Hausdorff distance of metric spaces) pseudo-metric µ
p1q
X on the set LpX, x0q of all
discrete chains in a metric space X. When X has a discrete and bounded set of critical
values (as defined by [Wil11, Definition 2.3.4]), the metric µ
p1q
X arises from a generalized
subdendrogram over LpX, x0q.
In §5.1 the definitions of the persistent homotopy groups PΠ1p‚q, PΠVRn p‚q and PΠKn p‚q
are given, together with their main properties and the proof of Theorem 5.12. To handle
the high-dimensional homotopy groups of spheres that appear in the calculation of PΠKn pS1q,
we tensor PΠKn pS1q with rational numbers Q to generate computable rational persistent
homotopy groups. In §5.2, we prove Theorem 5.15, and show that the ultrametric on pi1pXq
associated to the dendrogram θpi1pXq is stable when the underlying spaces are homotopy
equivalent, cf. Theorem 5.19, together with an application on Riemannian manifolds. In
§5.3 (resp. §5.4), we see that persistent fundamental groups under products (resp. wedge
sums) of metric spaces are products (resp. coproducts) of persistent fundamental groups. In
§5.5, a persistent version of Hurewicz theorem is proved, cf. Theorem 5.31.
In §6 we address the question of stability of persistent homotopy groups and prove The-
orems 6.2 and 6.1. As an application of the stability results, we study three pairs of metric
spaces: S1 ˆ S1 vs. S1 _ S1, S1 ˆ Sm vs. S1 _ Sm and S1 ˆ S1 vs. S1 _ S1 _ S2, where Sm
is the geodesic unit m-sphere. In the examples involving m-spheres for m ą 1, PΠKm (or
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PHKm) are restricted to some interval Im. While PH
K
m |Im fails to separate the two spaces
in each case, PΠKm |Im provides a positive lower bound for the Gromov-Hausdorff distance.
In §6.2, an alternative proof, more constructive and independent of the notion of persistent
K-fundamental groups, of the case n “ 1 in Theorem 6.1 is given.
In §7, we apply stability theorems given in §6 to finite metrics spaces, and give examples
of the generalized subdendrograms obtained in §4. We first prove that finite tree metric
spaces have the trivial persistent fundamental group. In §7.1, we construct the generalized
subdendrograms of cycle graphs Cm and star graphs Sn, where the graphs are endowed with
the shortest-path distance. We compute dGHpCm, Snq as a function of m, which grows at the
same rate with 1
4
m. Meanwhile, the interleaving distance between PΠ1pCmq and PΠ1pSnq
grows at rate of 1
12
m, which provides a fair approximation of dGHpCm, Snq and is much easier
to calculate. In §7.2, we study the finite metrics spaces 2pi
3
C3 and
pi
2
C4 as metric subspaces
of S1, by computing several types of distances constructed in this paper. In this particular
example, µ
p1q
‚ provides a slightly better lower bound of dGH
`
2pi
3
C3,
pi
2
C4
˘
than the dI between
persistent fundamental (or 1st-homology) groups.
Acknowledgements. We thank Prof. C. Plaut for bringing to our attention his results [Pla07]
on connecting the discrete fundamental group construction of [Wil11] to the Vietoris-Rips
complex (cf. Theorem 5.12). We also thank Prof J. Jardine for sharing his work on persistent
fundamental groupoids.
This research was supported by NSF under grants DMS-1723003, CCF-1740761, and CCF-
1526513.
2. Notation
Symbol Meaning
k A field.
C A category.
Top˚ The category of pointed compactly generated weakly Hausdorff topological spaces.
Vk Free-functor from the category of sets Set to the category of vector spaces Vec.
limA Limit of a family of a diagram A, page 9.
Mpptq The set of (pointed) compact metric spaces, page 10 (12).
dXH Hausdorff distance between subsets of the metric space X, page 11.
dGH Gromov-Hausdorff distance between pseudo-metric spaces, page 11.
dptGH Pointed Gromov-Hausdorff distance between pseudo-metric spaces, page 12.
PCpT,ďq The category of functors from pT,ďq to C, for T Ă R, page 13.
– Isometry of metric spaces, or Homotopy equivalence of topological spaces, or
Isomorphism in PCpT,ďq or Grp.
HompV,Wq The collection of homorphisms from V to W in PCpT,ďq, page 13.
HomδpV,Wq The collection of homorphisms of degree δ from V to W in PCpT,ďq, page 13.
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dI Interleaving distance between functors, Definition 3.8.
dB bottleneck distance between multisets of points in R¯2, page 14.
VR‚pXq a filtration of X given by Vietoris–Rips complexes, page 15.
PHVR,k pXq k-th (simplicial) homology group of VRpXq with coefficients in Z, page 15.
PHVRk pXq k-th persistent homology of X, page 15.
» Weak homotopy equivalence between topological spaces or R-spaces, page 15.
dHI Homotopy interleaving distance between functors, Definition 3.11.
µθA Ultrametric induced by the dendrogram θA on a set A, page 16.
µsθA Pseudo-ultrametric induced by θ
s
A on a set A, page 17.
PΠ0pXq The persistent set induced by a metric space X on Page 17.
rns The set t0, ¨ ¨ ¨ , n´ 1u for a non-negative set n, page 19.
pX,x0q A pointed metric space.
LpX,x0q The set of discrete loops on pX,x0q, Proposition 4.9.
LpX,x0q The set of -loops on pX,x0q, page 21.
α ˚ α1 Concatenation of two discrete chains α and α1, page 21.
pi1pX,x0q Discrete fundamental group at scale  of pX,x0q, Definition 4.11.
piE1 pK, v0q Edge-path group of a simplicial complex K, page 22.
CrpXq The set of critical values of a metric space X, page 25.
PΠ1pX,x0q Persistent fundamental group of pX,x0q, Definition 5.2.
PΠ1pX,x0q pi1pX,x0q, page 22.
ArIs Interval (generalized) persistence module, page 13.
X The -thickening of a compact metric space X, Definition 5.4.
PΠKn pX,x0q The n-th persistent K-homotopy group, Definition 5.5.
PHKn pXq The n-th persistent K-homology group, Remark 5.6.
PΠVRn pX,x0q The n-th persistent VR-homotopy group, Definition 5.7.
PΠE1 pX,x0q The persistent edge-path group of Vietoris-Rips complexes, page 28.
3. Background
3.1. Category Theory. Let k be a field. We denote the category of sets by Set, the
category of vector spaces over k by Vec, and the category of groups by Grp. Also, let Top
be the category of compactly generated weakly Hausdorff topological spaces [BL17], and let
Top˚ be the category of pointed compactly generated weakly Hausdorff topological spaces.
Let Vk be the free-functor from Set to Vec defined by Vk : A ÞÑ SpankpAq, the linear space
spanned by the set A over k.
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Now we introduce the definitions of product, coproduct and limit in a category C. The
product of a family of objects pAjqjPJ indexed by a set J is an object śjPJ Aj of C together
with morphisms pj :
ś
jPJ Aj Ñ Aj satisfying the following universal property: for any
object B and J-indexed family of morphisms fj : B Ñ Aj, there exists a unique morphism
f : B ÑśjPJ Aj such that the diagram ś
jPJ Aj
B Aj
pj
f
fj
commutes for all j P J .
The coproduct of a family of objects pAjqjPJ indexed by a set J is an object šjPJ Aj of
C together with morphisms ij : Aj Ñ šjPJ Aj satisfying the following universal property:
for any object B and J-indexed family of morphisms fj : Aj Ñ B, there exists a unique
morphism f :
š
jPJ Aj Ñ B such that the diagramš
jPJ Aj
Aj B
f
ij
fj
commutes for all j P J .
A small category is a category where the class of objects is a set. A functor from a small
category J to a category C is called a J-shaped diagram in C. Let J be a small category and
let A be a J-shaped diagram. The limit of A is an object limA in C together with morphisms
pj : limA Ñ Apjq for each j P J such that pj “ Apfijq ˝ pi for each map fij : i Ñ j and the
following universal property is satisfied: for any other pB, pqjqjPJq such that qj “ Apfijq ˝ qi
for each fij, there exists a unique morphism u : B Ñ limA such that the diagram
B
limA
Apiq Apjq
u
qi qj
pi pj
Apfijq
commutes for every map fij. For example, when C “ Grp the limit of a J-shaped diagram
A is given by
limA “
#
pajqjPJ P
ź
jPJ
Apjq : aj “ fijpaiq, @ i fijÝÑ j
+
,
equipped with natural projections pj : limAÑ Apjq by picking out the j-th component.
3.2. Metric Spaces and General Topology. Given a set X, an (extended) pseudo-metric
d on X is a function d : X ˆX Ñ r0,`8s such that for any x, y, z P X, the following holds:
‚ dpx, xq “ 0;
‚ dpx, yq “ dpy, xq;
‚ dpx, zq ď dpx, yq ` dpy, zq.
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In this paper, the term pseudo-metric will be abused so that when the first condition is not
satisfied, we still call it a pseudo-metric. A metric d on X is a pseudo-metric such that
dpx, yq “ 0 if and only if x “ y. A metric space is a pair pX, dq where X is a set and d is
a metric on X. A (pseudo) ultrametric d on X is a (pseudo) metric satisfying the strong
version of the triangle inequality:
dpx, zq ď max tdpx, yq, dpy, zqu , @x, y, z P X.
A finite metric space pX, dXq is called a tree metric space, if dX satisfies the following con-
dition (called the four-point condition):
dXpx1, x3q ` dXpx2, x4q ď maxtdXpx1, x2q ` dXpx3, x4q, dXpx3, x2q ` dXpx1, x4qu,
for any x1, x2, x3, x4 P X. It is well-known that a metric space pX, dXq is a tree metric space
if and only if there is a tree T with non-negative edge lengths whose nodes contain X such
that dXpx, yq “ dT px, yq, where dT px, yq is the length of the shortest path between x and y.
For a finite pseudo-metric space, its metric can be represented by a symmetric square
matrix containing the pairwise distance between elements, called the distance matrix. The
metric space with exactly one point is called the one-point metric space and is denoted by ˚.
Given two pseudo-metric spaces pX, dXq and pY, dY q, a map f : pX, dXq Ñ pY, dY q is called
distance-preserving if dXpx, x1q “ dY pfpxq, fpx1qq for all x, x1 P X. A bijective distance-
preserving map is called an isometry. Two pseudo-metric spaces are isometric and denoted
by X – Y , if there exists an isometry between them.
Let pX, dXq be a metric space. For A Ă X, we define the diameter of A to be
diampAq :“ suptdXpx, yq : x, y P Au.
If x and x˜ are two points in X such that dXpx, x˜q “ diampXq, then we say that x˜ is an
antipode of x. Given x P X, we define the eccentricity of x in X to be
eccpxq :“ suptdXpx, yq : y P Xu.
The radius of X is defined to be
radpXq :“ infteccpxq : x P Xu.
It is not hard to see that diampXq “ supteccpxq : x P Xu and radpXq ď diampXq. We call
a point x P X a center of X, if eccpxq “ radpXq. Centers of a metric space may not be
unique. When X is compact, the existence of centers is guaranteed.
Let M be the collection of all compact metric spaces. For pX, dXq P M, we denote by
Bpx, rq the open ball of radius r centered at x P X, and denote by Ar the r-neighborhood of
a set A in X, i.e.,
Ar :“
ď
xPA
Bpx, rq.
Let us recall the following definitions from Vigolo [Vig18]. As a topological space with the
metric topology, X is uniformly locally path connected (u.l.p.c.) if for each  ą 0 there
exists δ ą 0 such that for every x P X any two points in Bpx, δq are connected by a path γ
with image completely contained in Bpx, q. The space X is uniformly semi-locally simply
connected (u.s.l.s.c.) if there exists  ą 0 small enough so that for every x P X, a loop with
image contained in Bpx, q is null-homotopic in X (but is not necessarily null-homotopic in
Bpx, q).
We now review some properties of homology groups and homotopy groups from [Hat01].
Given two connected topological spaces X and Y , let X _ Y denote the wedge sum (cf.
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[Hat01, Page 10]) and let X ˆ Y denote the product space. For each m ě 1, denote by Sm
the m-dimensional sphere Sm.
Proposition 3.1. Let n ě 1. Then, the following is true when homology groups are computed
with coefficients Z or R.
(1) HnpX _ Y q – HnpXq ‘ HnpY q;
(2) if X and Y are CW complexes, then there are natural short exact sequences
0 Ñ à
i`j“n
pHipXq b HjpY qq Ñ HnpX ˆ Y q Ñ
à
i`j“n
TorpHipXq,Hj´1pY qq Ñ 0
and these sequences split.
(3) pinpX ˆ Y q – pinpXq ˆ pinpY q;
(4) pi1pX _ Y q – pi1pXq ˚ pi1pY q, as a consequence of the van Kampen’s theorem. For
n ě 2,
(a) pinpS1 _ Snq – Zrt, t´1s the Laurent polynomials in t and t´1.
(b) Let Snα :“ Sn for each α P A where A is a given set. Then pin p
Ž
α Snαq –
À
α Z.
3.3. Gromov-Hausdorff Distance. We recall the definition of the Gromov-Hausdorff dis-
tance [BBB`01]. Let Z1 and Z2 be subspaces of a metric space pX, dq. The Hausdorff
distance between Z1 and Z2 is defined to be
dXH pZ1, Z2q :“ inf tr ą 0 : Z1 Ă Zr2 and Z2 Ă Zr1u .
For metric spaces pX, dXq and pY, dY q, the Gromov-Hausdorff distance between them is the
infimum of r ą 0 for which there exist a metric spaces Z and two distance preserving maps
ψX : X Ñ Z and ψY : Y Ñ Z such that dZHpψXpXq, ψY pY qq ă r, i.e.,
dGHpX, Y q :“ inf
Z,ψX ,ψY
dZHpψXpXq, ψY pY qq.
Given two metric spaces pX, dXq and pY, dY q, the distortion of a map ϕ : X Ñ Y is given
by
dispϕq :“ sup
x,x1PX
|dXpx, x1q ´ dY pϕpxq, ϕpx1qq|.
For maps ϕ : X Ñ Y and ψ : Y Ñ X, their co-distortion is defined to be
codispϕ, ψq :“ sup
xPX,yPY
|dXpx, ψpyqq ´ dY pϕpxq, yq|.
Theorem 3.2 (Theorem 2.1, [KO97]). For two bounded metric spaces pX, dXq and pY, dY q,
dGHpX, Y q “ inf
ϕ:XÑY
ψ:YÑX
1
2
maxtdispϕq, dispψq, codispϕ, ψqu.
A tripod between two sets X and Y is a pair of surjections from another set Z to X and
Y respectively. We will express this by the diagram
R : X
φXÝÝÝ Z φYÝÝÝ Y.
For x P X and y P Y , by px, yq P R we mean there exists z P Z such that φXpzq “ x and
φY pzq “ y. When pX, dXq and pY, dY q are pseudo-metric spaces, the distortion of a tripod
R between X and Y is defined to be:
dispRq :“ sup
z,z1PZ
|dXpφXpzq, φXpz1qq ´ dY pφY pzq, φY pz1qq| .
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Let RpX, Y q denote the collection of all tripods between X and Y . Clearly, a tripod R
satisfies the following property: for any x P X there exists at least one y P Y such that
px, yq P R and for any y P Y there exists at least one x P X such that px, yq P R.
Theorem 3.3 (Theorem 7.3.25, [BBB`01]). For any two bounded metric spaces X and Y ,
dGHpX, Y q “ 12 infRPRpX,Y q dispRq.
Remark 3.4. In this theorem, the formula on the right-hand side applies to pseudo-metric
spaces (see [CM17, CM18b]) as a generalization of the Gromov-Hausdorff distance. For this
reason, we still use the symbol dGH to denote this generalized distance.
Proposition 3.5 (p. 255, [BBB`01]). For bounded metric spaces pX, dXq and pY, dY q,
1
2
| diampXq ´ diampY q| ď dGHpX, Y q ď 12 maxtdiampXq, diampY qu.
In particular, if Y is the one-point metric space ˚, then
dGHpX, ˚q “ 12 diampXq.
The lower bound in Proposition 3.5 can be improved in the following case:
Proposition 3.6. Suppose pX, dXq P M is such that every x P X has an antipode. Let
pY, dY q PM be such that radpY q ď diampXq. Then
1
2
pdiampXq ´ radpY qq ď dGHpX, Y q. (1)
Proof. Let y0 be a center of Y . Suppose R is an arbitrary tripod between X and Y . Clearly,
there exists some x P X such that px, y0q P R. Let x˜ be an antipode of x, i.e., dXpx, x˜q “
diampXq. There exists some y P Y such that px˜, yq P R. Therefore,
diampXq ´ radpY q ď dXpx, x˜q ´ dY py0, yq ď dispRq.
Since R is arbitrary, we can conclude that Equation (1) is true. 
A pointed metric space pX, x0, dXq is a metric space pX, dXq together with a distinguished
basepoint x0 P X. For the sake of simplicity, we will omit the distance function dX and
denote a pointed metric space by pX, x0q. Let Mpt “ tpX, x0q|x0 P X, pX, dXq P Mu be
the collection of all pointed compact metric spaces. Given basepoints x0 P X and y0 P Y , a
pointed tripod is a tripod R : X
φXÝÝÝ Z φYÝÝÝ Y such that φ´1X px0qXφ´1Y py0q is non-empty.
Let RptppX, x0q, pY, y0qq denote the collection of pointed tripods between pX, x0q and pY, y0q.
The pointed Gromov-Hausdorff distance between X and Y is defined to be
dptGHppX, x0q, pY, y0qq :“ 12 infRPRptppX,x0q,pY,y0qq dispRq.
It is clear that
dGHpX, Y q “ inf
x0PX, y0PY
dptGHppX, x0q, pY, y0qq.
3.4. Persistence Theory. We recall the definitions of persistence modules and the in-
terleaving distance, as well as the stability theorem for the interleaving distance and the
bottleneck distance, from [BL17, Oud15].
Let T “ R`,Rě0 or R. Note that in any of the three cases there is a canonical poset
structure on T , denoted by pT,ďq. Consequently, pT,ďq can be viewed as a category whose
objects are real numbers and the set of morphisms from an object a to an object b consists
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of a single morphism if a ď b and is otherwise empty. Let C be any arbitrary category. The
collections of functors
V : pT,ďq Ñ C,
and natural transformations between functors forms a category denoted by PCpT,ďq (see
[BS14, §2]). Recall that given two objects V and W of PCpT,ďq, a natural transformation
from V to W
f : VñW,
also called a homomorphism from V to W, is a family of morphisms in C: tft : Vt Ñ WtutPT
such that the diagram
Vt Vt1
Wt Wt1 .
ft
vt,t1
ft1
wt,t1
commutes for t ď t1. If ft is an isomorphism in C for each t P T , then the homomorphism
f is called a (natural) isomorphism between V and W, in which case we write V –W. The
collection of homomorphisms from V to W is denoted by HompV,Wq.
For an object A P C and an interval I Ă T , the interval (generalized) persistence module
ArIs is defined as follows: ArIs “ 0 if I is empty and otherwise,
pArIsq ptq “
#
A, if t P I,
0, otherwise,
where pArIsqps ď tq “ IdA when s and t are both in I, and pArIsqps ď tq “ 0 otherwise.
Let δ ě 0. We define Sδ : pT,ďq Ñ pT,ďq to be the functor given by Sδptq “ t ` δ and
define ηδ : IdpT,ďq ñ Sδ to be the natural transformation given by ηδptq : t ď t` δ. Note that
Sδ ˝ Sδ1 “ Sδ`δ1 and ηδ ˝ ηδ1 “ ηδ`δ1 . A homomorphism of degree δ from V to W is a natural
transformation
f : VñW ˝ Sδ.
The collection of homorphisms of degree δ from V to W is denoted by HomδpV,Wq.
In this paper, we will consider several choices of C:
‚ C “ Set yields PSetpT,ďq, whose objects are called persistent sets ;
‚ C “ Vec yields PVecpT,ďq, whose objects are called persistence modules ;
‚ C “ Grp yields PGrppT,ďq, whose objects are called persistent groups ;
‚ C “ Top yields PToppT,ďq, whose objects are called T -spaces.
Definition 3.7 (Definition 3.1, [BS14]). An δ-interleaving of V and W consists of natural
transformations f : V ñ W ˝ Sδ and g : W ñ V ˝ Sδ (i.e., f P HomδpV,Wq and g P
HomδpW,Vq) such that the following diagrams commute for all t P T :
pgSδqf “ Vη2δ and pfSδqg “Wη2δ.
If there exists a δ-interleaving pV,W, f, gq, then we say that V and W are δ-interleaved.
In other words, a δ-interleaving pV,W, f, gq consists of families of morphisms tft : Vt Ñ
Wt`δutPT and tgt : Wt Ñ Vt`δutPT such that the following diagrams commute for all t ď t1:
14 PERSISTENT HOMOTOPY GROUPS OF METRIC SPACES
Vt Vt1
Wt`δ Wt1`δ
ft
vt,t1
ft1
wt`δ,t1`δ
Vt`δ Vt1`δ
Wt W
t1
vt`δ,t1`δ
gt
wt,t1
gt1
and
Vt Vt`2δ
Wt`δ
ft
vt,t`2δ
gt`δ
Vt`δ
Wt Wt`2δ.
ft`δgt
wt,t`2δ
Definition 3.8. Let V and W be objects of PCpT,ďq. The interleaving distance between V
and W is
dIpV,Wq :“ inftδ ě 0 : V and W are δ-interleavedu.
Here we follow the convention that infH “ `8. A quick fact is that dI descends to a dis-
tance on isomorphism classes of objects in PCpT,ďq.
Persistence Modules and Persistence Diagrams. Let C “ Vec and let T “ R`, unless
otherwise specified. Recall from [Oud15] that a persistence module V is q-tame if rankpvt,t1 :
Vt Ñ Vt1q ă 8 whenever t ă t1. If a persistence module V can be decomposed as a direct
sum of interval modules (e.g. V is q-tame), say V –ÀlPL kppl˚ , ql˚ q where ˚ indicates whether
the interval is half-open or not (see [CdSGO16]), then its (undecorated) persistence diagram
is the multiset
dgmpVq :“ tppl, qlq : l P Lu ´∆,
where ∆ :“ tpr, rq : r P Ru is the diagonal in the real plane.
The bottleneck distance between persistence diagrams, and more generally between multi-
sets A and B of points in R¯2, where R¯ are the extended real numbers RY t˘8u, is defined
as follows:
dBpA,Bq :“ inf
"
sup
aPA
}a´ φpaq}8 : φ : AY∆8 Ñ B Y∆8 a bijection
*
.
Here }pp, qq´pp1, q1q}8 :“ maxt|p´p1|, |q´ q1|u for each p, q, p1, q1 P R and ∆8 is the multiset
consisting of each point on the diagonal tpr, rq : r P R¯u in the extended real plane, taken
with infinite multiplicity (see [CM18a]).
Theorem 3.9 (Theorem 5.14, [CdSGO16]). Let V and W be q-tame persistence modules.
Then,
dIpV,Wq “ dBpdgmpVq, dgmpWqq,
where dIpV,Wq is defined in Definition 3.8 with C “ Vec.
Vietoris-Rips Complexes. By first constructing a simplicial filtration out of a metric
space and then applying the simplicial homology functor, one obtains a persistence module
which encodes computable invariants of the original space. In this paper, we focus on the
simplicial filtration given by Vietoris-Rips complexes, and recall the definitions from [AA17].
Suppose that pX, dXq is a compact metric space and  is a non-negative real number. The
Vietoris–Rips complex VRpXq is the simplicial complex with vertex set X, where
a finite subset σ Ă X is a face of VRpXq iff diampσq ď .
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The collection tVRpXquě0 together with the natural simplicial inclusions forms a filtration
of X, denoted by VR‚pXq.
Let G be an Abelian group. Given k P Zě0 and  ě 0, let CkpVRpXq;Gq be the Abelian
group consisting of chains of the form
ř
i niσi where coefficients ni are taken from G and
each σi is a k-simplex in VRpXq. Let Bk : CkpVRpXq;Gq Ñ Ck´1pVRpXq;Gq be the k-th
boundary operator. We denote by
PHVR,k pX;Gq :“ HkpVRpXq;Gq
the k-th (simplicial) homology group of VRpXq with coefficients inG. Then tPHVR,k pX;Gquě0
together with the maps induced by natural inclusions forms an object in PGrppRě0,ďq, de-
noted by PHVRk pX;Gq. The collection of these modules for k ranging over all dimensions is
called the persistent homology of X and denoted by PHVR1 pX;Gq. We will omit the coeffi-
cient group when G “ Z. When G “ k is a field, PHVRk pX;kq is a persistent module and it
is shown in [CdSO14] that if X is compact, then PHVRk pX;kq is q-tame for all k P Zě0. The
persistence diagram corresponding to PHVRk pX; kq is denoted by dgmkpXq for each k P Zě0.
Theorem 3.10 (Stability Theorem for dB, [CCSG
`09, CdSO14]). Let pX, dXq and pY, dY q
be from M. Then, for any k P Zě0,
dIpPHVRk pX;kq,PHVRk pY ;kqq “ dBpdgmkpXq, dgmkpY qq ď 2 ¨ dGHpX, Y q.
R-spaces and Homotopy Interleavings. Recall that Top is the category of compactly
generated weakly Hausdorff topological spaces, and an object in PToppR,ďq is also called an
R-space (see [BL17]). Let X be an R-space. If for every t ď s P R, the map Xt Ñ Xs is
an inclusion, then we call X a filtration. Blumberg and Lesnick showed that the interleaving
distance between R-spaces is not homotopy invariant (see [BL17, Remark 3.3]), and then
defined homotopy interleavings between R-spaces as certain homotopy-invariant analogues
of interleavings.
Given two R-spaces X and Y, a natural transformation f : X ñ Y is an (objectwise)
weak equivalence if for each t P R, ft : Xt Ñ Yt is a weak homotopy equivalence, i.e., it
induces isomorphisms on all homotopy groups. The R-spaces X and Y are weakly equivalent,
denoted by X » Y, if there exists an R-space W and natural transformations f : W ñ X
and g : Wñ Y that are (objectwise) weak equivalences:
X fðùW gùñ Y.
The relation X » Y is an equivalence relation (see [BL17] for details). Given T Ă R, we can
consider the restriction of any given R-space to T and study T -spaces in a similar way. For
δ ě 0, two R-spaces X and Y are δ-homotopy-interleaved if there exist R-spaces X1 » X and
Y1 » Y such that X1 and Y1 are δ-interleaved, as in Definition 3.7 with C “ Top.
Definition 3.11 (Homotopy interleaving distance). The homotopy interleaving distance be-
tween two R-spaces X and Y is given by
dHIpX,Yq :“ inf tδ ě 0 : X,Y are δ-homotopy-interleavedu .
Theorem 3.12 (Theorem 1.6, [BL17]). Given two compact metric spaces X and Y , we have
dBpdgmkpXq, dgmkpY qq ď dHIp|VR‚pXq| , |VR‚pY q|q ď 2 ¨ dGHpX, Y q.
Here |VR‚pXq| denotes the Rě0-space given by the geometric realizations of Vietoris-Rips
complexes of X.
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3.5. Dendrograms and Generalized Subdendrograms. For this section, we refer to
[CM10]. Let A be a set, and let PartpAq be the set of partitions of A.
Definition 3.13. A dendrogram over A is a pair pA, θAq, where θA : Rě0 Ñ PartpAq satisfies:
(1) If t ď s, then θAptq refines θApsq.
(2) For all r there exists δ ą 0 s.t. θAprq “ θAptq for all t P rr, r ` δs.
(3) There exists t0 such that θAptq is the single block partition for all t ě t0.
(4) θAp0q is the partition into singletons.
The following function on AˆA defines an ultrametric on A (see [CM10]): for any x, x1 P A,
µθApx, x1q :“ mintδ : x and x1 belong to the same block of θApδqu.
Let pA, θAq and pB, θBq be two dendrograms. Given δ ě 0, we say that the set maps
φ : AÑ B and ψ : B Ñ A provide a δ-interleaving between θA and θB iff for all x P A, y P B
and t ě 0,
φpxxyAt q Ă xφpxqyBt`δ and ψpxyyBt q Ă xψpyqyAt`δ,
where xxyAt represents the subset of A containing x in the partition θAptq. If such a δ-
interleaving exists, we say that θA and θB are δ-interleaved. The interleaving distance be-
tween dendrograms θA and θB is defined to be
dIpθA, θBq :“ inf tδ ą 0 : A and B are δ-interleavedu .
Remark 3.14. Notice that each dendrogram θA can be viewed as an element of PSet, fol-
lowing from the definition of θA and the fact that PartpAq is a subcategory of Set. Using
Definition 3.8, we can construct the interleaving distance, denoted by dSetI , between den-
drograms pA, θAq and pB, θBq. It turns out that dIpθA, θBq “ dSetI pθA, θBq. Indeed, each
δ-interleaving pφ : A Ñ B,ψ : B Ñ Aq clearly induces a PSet-δ-interleaving. Conversely,
given a PSet-δ-interleaving pΦ : PartpAq Ñ PartpBq,Ψ : PartpBq Ñ pAqq, we can define
map φ : A Ñ B with a ÞÑ b P Φp0qptauq, and similarly define ψ : B Ñ A. Although φ
and ψ are not uniquely defined, it is not hard to see that the resulting pφ, ψq is always a
δ-interleaving regardless of the choices.
The functor Vk ˝ θA : pR`,ďq Ñ Vec, with Vk ˝ θAptq “ VkpθAptqq and Vk ˝ θApt ď sq “
VkpθAptqq Ñ VkpθApsqq induced by refinement of partitions, is then a persistence module.
Proposition 3.15 (§3.5, [CM10]). Let pA, θAq and pB, θBq be two dendrograms. Then,
1
2
¨ dIpVk ˝ θA,Vk ˝ θBq ď dGHppA, µθAq, pB, µθBqq ď dIpθA, θBq.
Proof. The first inequality follows from an argument in [CM10]. Assume dGHppX,µθAq, pY, µθBqq ď
δ{2 for some δ ě 0. Then there are maps φ : AÑ B and ψ : B Ñ A such that
‚ if x and x1 are in the same block of θAptq, then φpxq and φpx1q belong to the same
block of θBpt` δq;
‚ if y and y1 are in the same block of θBptq, then ψpyq and ψpy1q belong to the same
block of θApt` δq.
In other words, φ and ψ induce homomorphisms of degree δ on persistence modules Vk ˝ θA
and Vk ˝ θB, denoted by φδ and ψδ, respectively. Given t ą 0, if x and x1 fall into the
same block of θAptq, then ψ ˝ φpxq, ψ ˝ φpx1q belong to the same block of θApt ` 2δq. Thus,
ψδ ˝ φδ “ 12δVk˝θA . Similarly, we have φδ ˝ ψδ “ 12δVk˝θB . Therefore, Vk ˝ θA and Vk ˝ θB are
δ-interleaved. Letting δ Œ 2dGHppA, µθAq, pB, µθBqq, the first inequality follows.
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Suppose pφ, ψq is a δ-interleaving between θA and θB. Clearly,
R : A
pIdA,φqÝÝÝÝÝÝ A\B pψ,IdBqÝÝÝÝÝÝ B
forms a tripod between A and B, with distortion no larger than 2δ. Therefore, the second
inequality is true. 
Given two sets A and B, let PA :“ tA1, ¨ ¨ ¨ , Aku and PB :“ tB1, ¨ ¨ ¨ , Blu be partitions of
A and B, respectively. We define the product of PA and PB to be
PA ˆ PB :“ tpAi, Bjq : 1 ď i ď k, 1 ď j ď lu,
which is clearly a partition of A ˆ B. In fact, the map pPA, PBq ÞÑ PA ˆ PB gives an
embedding PartpAq ˆ PartpBq ãÑ PartpA ˆ Bq. For two dendrograms pA, θAq and pB, θBq,
we define their product to be pAˆB, θA ˆ θBq, where
θA ˆ θB : Rě0 Ñ PartpAˆBq with t ÞÑ θAptq ˆ θBptq.
It follows directly from Definition 3.13 that pAˆB, θA ˆ θBq forms a dendrogram.
A subpartition of a set A is a partition of one of its subsets A1 Ă A. Let SubPartpAq be
the set of subpartitions of A.
Definition 3.16. A generalized subdendrogram of A is a pair pA, θsAq, where θsA : R` Ñ
SubPartpAq satisfies:
(1’) If t ď s, then θsAptq and θsApsq are partitions of At and As, respectively, where At Ă
As Ă A and θsAptq refines θsApsq|At :“ tB X At : B P θsApsqu.
(2) For all r there exists δ ą 0 s.t. θsAprq “ θsAptq for all t P rr, r ` δs.
(3) There exists t0 such that θ
s
Aptq is the single block partition for all t ě t0.
Similarly, we consider the following function on Aˆ A: for any x and x1 in A,
µsθApx, x1q :“ mintδ ě 0 : x, x1 belong to the same block of θApδqu,
which turns out to be a pseudo-ultrametric.
Proposition 3.17. Let pA, θsAq and pB, θsBq be two generalized subdendrograms. Then
1
2
¨ dIpVk ˝ θsA,Vk ˝ θsBq ď dGHppA, µsθAq, pB, µsθBqq.
Proof. This follows from a similar proof with Proposition 3.15. 
4. Discrete Fundamental Groups
4.1. Persistent Sets. Given a compact metric space pX, dXq and  ě 0, let pi0pXq “ X{ „0,
where x „0 x1 if there exists tx0, ¨ ¨ ¨ , xnu Ă X such that x0 “ x, xn “ x1 and dXpxi, xi`1q ď .
For simplicity, we will write the sequence tx0, ¨ ¨ ¨ , xnu as x0 ¨ ¨ ¨ xn. For 1 ě  ě 0, there is a
natural map from pi0pXq to pi10 pXq via rxs ÞÑ rxs1 . The collection tPΠ0pXq :“ pi0pXquě0
together with the natural maps forms a persistent set, i.e., an object in PSetpRě0,ďq, denoted
by PΠ0pXq.
Fact 4.1. VkpPΠ0pXqq – PH0pX;kq.
Proof. Fix an  ě 0. Clearly, the boundary operator
B1 : C1pVRpXq;kq “ Vkptpx, x1q P X ˆX : dXpx, x1q ď uq Ñ C0pVRpXq;kq “ VkpXq
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is given by px, x1q ÞÑ x´ x1. Thus, ImpB1q “ Vktx1 ´ x : dXpx, x1q ď u and
PH0pX;kq “ H0pVRpXq;kq
“ VkpXq{Vktx1 ´ x : dXpx, x1q ď u
– VkpX{ „0q “ VkpPΠ0pXqq.
In addition, the above isomorphisms form a natural ismorphism between VkpPΠ0pXqq and
PH0pX;kq. 
Proposition 4.2. The following defines an ultrametric on X: for any x, x1 P X,
µ
p0q
X px, x1q :“ inft : x „0 x1u
“ inft : Dtx0, ¨ ¨ ¨ , xnu Ă X s.t. x0 “ x, xn “ x1, dXpxi, xi`1q ď u.
Proof. Clearly, µ
p0q
X px, xq “ 0 and µp0qX px, x1q “ µp0qX px1, xq for all x and x1 P X. It remains
to prove the strong triangle inequality. Given arbitrary x, y, z P X, suppose 1 ą µp0qX px, yq
and 2 ą µp0qX py, zq. Let x10 ¨ ¨ ¨ x1n1 and x20 ¨ ¨ ¨ x2n2 be the sequences to realize x „1 y and
y „2 z, respectively. Then x10 ¨ ¨ ¨ x1n1x2n2 ¨ ¨ ¨ x20 is such that x10 “ x, x20 “ z and the distance
between adjacent points in that sequence is no larger than maxt1, 2u. By the minimality,
µ
p0q
X px, zq ď maxt1, 2u. Letting 1 Œ µp0qX px, yq and 2 Œ µp0qX py, zq, we obtain the strong
triangle inequality. 
A stability theorem for µ
p0q
‚ can be found in [CM10]. We include it here together with a
proof for pedagogical reasons: our proof of Theorem 4.23 will exhibit a similar pattern.
Theorem 4.3 (Stability Theorem for µ
p0q
‚ ). Given pX, dXq and pY, dY q PM,
dGH
´´
X,µ
p0q
X
¯
,
´
Y, µ
p0q
Y
¯¯
ď dGHpX, Y q.
Proof. Let R : X
φXÝÝÝ Z φYÝÝÝ Y be an arbitrary tripod between X and Y . Given px, yq
and px1, y1q in R, suppose  ą µp0qX px, x1q and x0 ¨ ¨ ¨ xn is a sequence to realize . For each
0 ď i ď n ´ 1, there exists some zi P Z such that φXpziq “ xi. Let yi “ φY pziq. For
0 ď i ď n´ 1,
dY pyi, yi`1q ď dXpxi, xi`1q ` |dY pyi, yi`1q ´ dXpxi, xi`1q|
ď ` dispRq,
where dispRq denotes the distortion induced by dX and dY . Thus, ty “ y0, y1, ¨ ¨ ¨ , yn´1, yn “
y1u is an p ` dispRqq-homotopy between y and y1. As  Œ µp0qX px, x1q, it follows that
µ
p0q
Y py, y1q ď µp0qX px, x1q ` dispRq. Similarly, we can prove µp0qX px, x1q ď µp0qY py, y1q ` dispRq.
Therefore,
dGHppX,µp0qX q, pY, µp0qY qq “ 12 infRPRpX,Y q maxpx,yq,px1,y1qPR |µ
p0q
X px, x1q ´ µp0qY py, y1q|
ď 1
2
inf
RPRpX,Y q
dispRq
“ dGHpX, Y q.

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The following example is a case where µ
p0q
‚ gives a better approximation of the Gromov-
Hausdorff distance, compared to the bottelneck distance lower bound given by Theorem
3.10.
Example 4.4. Let X :“ pt0, 1u, dq be a metric space consisting of two points, where
dp0, 1q “ 1` . Since µp0qX “ d, we have
dGH
´´
X, µ
p0q
X
¯
,
´
X0, µ
p0q
X0
¯¯
“ dGHpX, X0q “ 2 ,
for all  ě 0. On the other hand, it is not hard to verify that dgm0pXq “ tp0, 1`q, p0,`8qu,
and thus,
1
2
dBpdgm0pXq, dgm0pX0qq “ min
 

2
, 1`
4
( ď 
2
,
where the inequality is strict when  ą 1.
4.2. Discrete Fundamental Groups. Let us fix a parameter  ą 0, and adopt the con-
struction of discrete fundamental groups from [Wil11]. An -chain in pX, dXq is a finite
sequence of points γ “ x0 ¨ ¨ ¨ xn such that dXpxi, xi`1q ď  for i “ 0, ¨ ¨ ¨ , n ´ 1. When
x0 “ xn, we say that γ is an -loop. The integer n is called the size of γ, and written as
sizepγq. The reversal of γ is the -chain γ´1 :“ xnxn´1 ¨ ¨ ¨ x0. The terms discrete chains
(resp. discrete loops) will refer to -chains (resp. -loops) for all  ą 0. A subdivision of a
discrete chain γ is a discrete chain which can be written as
α1 “ px00 ¨ ¨ ¨ xm00 q ¨ ¨ ¨ px0i ¨ ¨ ¨ xmii q ¨ ¨ ¨ px0n´1 ¨ ¨ ¨ xmn´1n´1 q,
where x0i “ xi, xmii “ xi`1 and xjii P X for any i and ji “ 1, ¨ ¨ ¨ ,mi ´ 1. In this case, we
denote α1 Ą α or α Ă α1.
A space X is -connected if any two points x, y P X can be joined by an -chain. If X is
-connected for all  ą 0, we say that X is chain-connected.
Lemma 4.5 (Lemma 2.1.1, [Wil11]). Let X be a metric space.
‚ If X is connected, then X is chain-connected.
‚ If X is chain-connected and compact, then X is connected.
In [Wil11], Wilkins defined a basic move on an -chain as the addition or removal of a
point which is not an endpoint, so that the resulting path is still an -chain. In our paper,
in order to avoid tedious arguments, basic moves also include the case when there are no
changes.
Definition 4.6. Two chains α and β are -homotopic, denoted by α „1 β, if there is a finite
sequence of -chains
H “ tα “ γ0, γ1, ¨ ¨ ¨ , γk´1, γk “ βu
such that each γi differs from γi´1 by a basic move. We call H an -homotopy and denote
the -homotopy class of an -chain α by rαs. If an -loop γ “ x0x1 ¨ ¨ ¨ xn is -homotopic to
the trivial loop tx0u, we say that γ is -null.
The following reformulation (see [BCW14]) will be useful in the sequel. For a non-negative
integer n, let rns :“ t0, ¨ ¨ ¨ , n ´ 1u. Note that an -chain in X can also be regarded as an
-Lipschitz map γ : prns, `8q Ñ pX, dXq for some n P Zě0, i.e., dXpγpiq, γpi ` 1qq ď  for all
i P rn´1s. A lazification of an -path γ : rns Ñ X is an -path γ˜ : rms Ñ X such that m ě n
and γ˜ “ γ ˝ p where p : rms Ñ rns is surjective and monotone.
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Proposition 4.7. Two chains α and β are -homotopic if and only if there exists a triple
pα˜, β˜, H˜q where
‚ α˜ and β˜, of the same size n, are lazifications of α and β, respectively;
‚ H˜ : prnsˆ rms, `8q Ñ pX, dXq is an -Lipschitz map such that H˜p¨, 0q “ α, H˜p¨,mq “
β, H˜p0, tq “ αp0q “ βp0q and H˜pn, tq “ αpnq “ βpnq for all t P rms.
Proof. We prove the ’if’ part by induction on the number of basic moves. For the base case,
we suppose α “ x0 ¨ ¨ ¨ xn and tα “ γ0, γ1 “ βu is an -homotopy. If there is no change
between α and β, we take
H˜p¨, 0q “ γ0 and H˜p¨, 1q “ γ1.
Otherwise, there is a removal or addition of a point from α to β. Define two maps pi : rns Ñ
rn´ 1s and pi : rn` 1s Ñ rns as
pipjq “
#
j, if j ‰ i
i´ 1, if j “ i and p
ipjq “
#
j if j ă i,
i´ 1, if j ě i .
If γ1 is obtained from γ0 by removing some point xi, we set γ˜1 “ γ1 ˝ pi and
H˜p¨, 0q “ γ0 and H˜p¨, 1q “ γ˜1.
If γ1 is obtained from γ0 by adding some point between xi´1 and xi, we take γ˜0 “ γ1 ˝ pi
H˜p¨, 0q “ γ˜0 and H˜p¨, 1q “ γ1.
Now suppose the statement is true for any two -chains which differ by k´ 1 basic moves.
Assume that H “ tα “ γ0, γ1, ¨ ¨ ¨ , γk´1, γk “ βu is an -homotopy between α and β. By the
induction hypothesis, there exists a required triple pγ˜0, ˜γk´1, H˜1q. Since γk´1 and γk differ
by one basic move, we need to discuss three cases as before. Notice that H˜1 is essentially
a matrix with entries from X. If there is no change, we append one more row γk to H˜1 to
obtain H˜. If γk´1 and γk differ by the removal of the point γk´1piq, we compose γk with some
pi : rsizepγk´1qs Ñ rsizepγkqs and append γk ˝ pi as a new row to H˜1. If they differ by the
addition of the point γkpiq, we compose each row of H˜1 with some pi : rsizepγkqs Ñ rsizepγk´1qs
and append one more row γk to H˜1.
For the ‘only if’ part, it suffices to establish it for the case m “ 1. Suppose β “
x10x11 ¨ ¨ ¨ x1n´1x1n, where x10 “ x0 and x1n “ xn. For each i “ 0, ¨ ¨ ¨ , n´1, we have dXpxi, x1i`1q ď
. Thus, x1i can be inserted between xi´1 and xi into α for each i “ 1, ¨ ¨ ¨ , n, after which
xi can be removed for each i “ 1, ¨ ¨ ¨ , n. Therefore, we can obtain β from α via 2n basic
moves. 
The following fact will be used repeatedly.
Remark 4.8. Let pj : rnjs Ñ rns for j “ 1, 2 be surjective monotone maps. There exists an
integer N , and surjective monotone maps qj : rN s Ñ rnjs for j “ 1, 2 such that p1˝q1 “ p2˝q2.
Fix a basepoint x0 P X and  ą 0.
Proposition 4.9. The relation „1 defines an equivalence relation on the set of discrete
chains based at x0, denoted by LpX, x0q.
Proof. Clearly, „1 is reflexive and symmetric. Let α, β and γ be any three chains such
that α „1 β and β „1 γ. Then, there exists two sequences of -chains H1 “ tα “
γ0, γ1, ¨ ¨ ¨ , γk´1, γk “ βu and H2 “ tβ “ γk`1, γk`2, ¨ ¨ ¨ , γk`l´1, γk`l “ γu such that each
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γi differs from γi´1 by a basic move. Then H “ tα “ γ0, γ1, ¨ ¨ ¨ , γk`l´1, γk`l “ γu is a
sequence of -chains, where each adjacent two differ by a basic move. Thus, α „1 γ. 
Let LpX, x0q be the collection of all -loops based at x0. Given two -loops γ “ x0x1 ¨ ¨ ¨ xn´1x0
and γ1 “ x0y1 ¨ ¨ ¨ ym´1x0, define their concatenation by
γ ˚ γ1 “ x0x1 ¨ ¨ ¨ xn´1x0y1 ¨ ¨ ¨ ym´1x0.
The birth time of a discrete loop γ “ x0x1 ¨ ¨ ¨ xn is defined to be
birthpγq :“ max
0ďiďn´1 dXpxi, xi`1q.
The death time of γ is defined to be
deathpγq :“ inft ą 0 : γ „1 tx0uu.
When X is compact, it is clear that both birthpγq and deathpγq are no larger than diampXq.
Remark 4.10. Because LpX, x0q is a subset of LpX, x0q, it follows from Proposition 4.9 that
„1 defines an equivalence relation on LpX, x0q. By Lemma 2.1.2 of [Wil11], LpX, x0q{ „1
is a group under the operation of concatenation, where the identity element is rx0s and
rγs´1 “ rγ´1s.
Definition 4.11 (Discrete fundamental group). The discrete fundamental group at scale 
of a metric space X, based at x0, is
pi1pX, x0q :“ LpX, x0q{ „1 .
Proposition 4.12 (Lemma 2.2.9, [Wil11]). For  ą 0, suppose x0 and x1 are points in X
such that there is an -chain λ from x0 to x1. Then
pi1pX, x0q –ÝÑ pi1pX, x1q via rγs ÞÑ rλ´1 ˚ γ ˚ λs.
Thus, if X is an -connected metric space, we have pi1pX, x0q – pi1pX, x1q for any two points
x0 and x1 in X. In this case, the discrete fundamental groups at scale  are independent of
choices of basepoints, up to isomorphism, so we can omit the basepoints and simply write
pi1pXq.
Example 4.13 (Example 2.2.6, [Wil11]). Let S1prq be a circle of radius r ą 0, equipped
with the geodesic metric. When r “ 1, we simply write S1 for S1p1q. Then
pi1pS1prqq “
#
Z, if 0 ă  ă 2pi
3
r,
0, if  ě 2pi
3
r.
In Theorem 4.15, we will see that discrete fundamental groups of a compact metric space
are in fact isomorphic to fundamental groups of its successive Vietoris-Rips complexes.
Edge-path Groups of Vietoris-Rips Complexes. Given a simplicial complex K, an
edge in K is an ordered pair e “ v1v2 for vertices of K, such that v1 and v2 are in the same
simplex. An edge path in K is a sequence of vertices connected by edges. The concatenation
of two edge paths can be defined in a natural way and called the product of two edge paths. If
e “ v1v2 and f “ v2v3 are such that v1, v2 and v3 are vertices of a simplex, then the product
ef is edge equivalent to v1v3. Two edge paths are edge equivalent if one can be obtained
from another by a sequence of such elementary edge equivalences. Let v0 be a vertex of K.
When an edge starts and ends at the same vertex v0, we call it an edge loop at v0. We define
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piE1 pK, v0q to be the set of edge equivalence classes of edge loops at v0, called the edge-path
group of K (see [ST67, p. 87]). Let |K| denote the geometric realization of K.
Theorem 4.14 (Theorem 4 and 5, §4.4, [ST67]). With the notations above, piE1 pK, v0q is a
group, with identity v0v0, under the operation of product defined above. Furthermore,
piE1 pK, v0q – pi1p|K|, v0q.
It is an interesting fact that the following groups are isomorphic.
Theorem 4.15 (Isomorphisms). Let pX, x0q be a pointed compact metric space and let  ě 0.
Then
pi1pX, x0q – piE1 pVRpXq, x0q – pi1 p|VRpXq| , x0q .
Proof. The rightmost isomorphism follows directly from Theorem 4.14. The leftmost isomor-
phism is straightforward from the definitions. Indeed, if we write LEpVRpXq, x0q as the set
of loops at x0 in VRpXq, it is clear that LpX, x0q “ LEpVRpX, x0qq as sets. It remains to
check that -homotopy equivalence is the same as the edge equivalence in LEpVRpX, x0qq,
which can be done by proving that basic moves are equivalent to elementary edge equiva-
lences. Indeed, for x1, x3 P X such that d1px1, x3q ď , x1x2x3 „E1 x1x3 iff x1, x2 and x3 form
a 2-simplex in VRpX, x0q, iff x1x2x3 „1 x1x3. 
Given 1 ą , an -chain is also an 1-chain and an -homotopy is also an 1-homotopy.
Thus, there is a natural group homomorphism
Φ,1 : pi

1pX, x0q Ñ pi11 pX, x0q with rαs ÞÑ rαs1 .
The collection tPΠ1pX, x0q :“ pi1pX, x0quą0 together with the natural group homomor-
phisms tΦ,1u1ěą0 forms a persistent group, denoted by PΠ‚1pX, x0q, or PΠ1pX, x0q for
simplicity.
Remark 4.16. The leftmost isomorphism in Theorem 4.15 was first establised in [Pla07,
Page 599].
4.3. Discretization Homomorphism. Let γ : r0, 1s Ñ X be a continuous path and  ą 0.
An -chain along γ is an -chain x0 ¨ ¨ ¨ xn where there exists a partition t0 “ t0, ¨ ¨ ¨ , tn “ 1u
of r0, 1s such that each xi “ γptiq. A strong -chain along γ is an -chain along γ such that
γprti´1, tisq Ă Bpγpti´1q, q for each i. When γ is a continuous loop, a (strong) -chain along
γ is also called a (strong) -loop along γ.
The following lemma permits relating the fundamental group of a space to its discrete
fundamental groups.
Lemma 4.17 (Lemma 3.1.7, [Wil11]). Let X be a chain-connected metric space, and let  ą 0
be given. Then the following map is a well-defined homomorphism (called the -discretization
homomorphism)
Φ : pi1pXq Ñ pi1pXq with rγs ÞÑ rαs,
where α is a strong -loop along γ. If the -balls of X are path-connected (e.g. X is geodesic
or locally simply connected), then Φ is surjective.
Example 4.18. Let Y be any simply connected (thus, geodesic) compact space. By Lemma
4.17 and the fact pi1pY q “ 0, we have
pi1pY q “ 0, @ ą 0.
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The well-definedness of Φ indicates that any two -discretizations of a continuous loop
are -homotopic. It follows that Φ,1 ˝ Φ “ Φ1 for all  ď 1. By the universal property of
limit, there is a natural group homomorphism
Φ : pi1pXq Ñ lim PΠ1pXq with rγs ÞÑ limrαs.
Vigolo proved in [Vig18, Theorem 3.2] that for u.l.p.c. and u.s.l.s.c. metric spaces the
discretization homomorphism is in fact an isomorphism, albeit using a slightly different
definition for -homotopy. It turns out a similar result and proof can be applied to our case
as well.
Theorem 4.19 (Discretization Theorem). When a metric space pX, dXq is u.l.p.c. and
u.s.l.s.c., the -discretization homomorphism Φ is an isomorphism for  small enough. In
addition, the discretization homomorphism Φ : pi1pX, x0q Ñ lim PΠ1pX, x0q is an isomor-
phism.
Proof. We first prove that Φ is injective for  small enough. Since X is u.s.l.s.c., there exists
δ1 ą 0 such that a loop in Bpx, δ1q is null-homotopic for any x P X. Because X is u.l.p.c.,
there exists δ ă δ1{2 so that any two points in Bpx, δq can be connected by a path with
image completely contained in Bpx, δ1{2q, for any x P X. Fix a parameter 0 ă  ă δ and let
γ be a continous loop based at x0 whose -discretization α “ x0 ¨ ¨ ¨ xn is trivial. Recall that
α is a strong -path along γ, i.e., there exists a partition tt0, ¨ ¨ ¨ , tnu of r0, 1s such that each
xi “ γptiq and γprti, ti`1sq Ă Bpγptiq, q for each i. We want to show γ is null-homotopic.
Suppose α „1 x0 via an -homotopy H : rnsˆrms Ñ X with Hp¨, 0q “ α and Hp¨,mq “ x0.
Let 0 ď i ď n´ 1 and 0 ď j ď m. Since dX pHpi, jq, Hpi` 1, jqq ď  ă δ, there exists a path
αi,j joining them with image in BpHpi, jq, δ1{2q. Similarly, for 0 ď i ď n and 0 ď j ď m´ 1,
there exists a path βi,j joining Hpi, jq and Hpi, j ` 1q with image in BpHpi, jq, δ1{2q. It
follows that the concatenations βi,jαi,j`1 and αi,jβi`1,j are both contained in BpHpi, jq, δ1q.
Since αi,jβi`1,jα´1i,j`1β
´1
i,j is a loop in BpHpi, jq, δ1q, it is null-homotopic. For 0 ď i ď n ´ 1
and 0 ď j ď m ´ 1, let ξi,j :“ α0,0 ¨ ¨ ¨αi´1,0β0,0 ¨ ¨ ¨ βi,j´1, a loop joining x0 to Hpi, jq, and
then define ηi,j :“ ξi,jαi,jβi`1,jα´1i,j`1β´1i,j ξ´1i,j , which is a null-homotopic loop at x0 based on
construction. Notice that
γi :“ ηi,0 ¨ ¨ ¨ ηi,m´1 „ pα0,0 ¨ ¨ ¨αi,0qpβi`1,0 ¨ ¨ ¨ βi`1,m´1qα´1i,mpβ´1i,m´1 ¨ ¨ ¨ β´1i,0 qpα0,0 ¨ ¨ ¨αi,0q´1
and
γn´1 ¨ ¨ ¨ γ0 „ pα0,0 ¨ ¨ ¨αn´1,0qpβn,0 ¨ ¨ ¨ βn,m´1qpα´1n,m ¨ ¨ ¨α´10,mqpβ´10,m´1 ¨ ¨ ¨ β´10,0q „ α0,0 ¨ ¨ ¨αn´1,0.
Since γprti, ti`1sq ˚ α´1i,0 Ă Bpγptiq, q Ă Bpγptiq, δ1q, γprti, ti`1sq must be a null-homotopic
loop. Therefore, γ „ α0,0 ¨ ¨ ¨αn´1,0 „ x0. It follows that Φ is injective for all 0 ă  ă δ, and
Φ is injective as well.
Because X is u.l.p.c., its -balls are path connected. By Lemma 4.17, Φ is surjective, and
thus an isomorphism. It remains to show Φ is surjective. A generic element of limpiθ1pXq can
be represented by a family prαθsθqθą0, where αθ is an θ-loop based at x0 such that for every
θ ă θ1 we have αθ „θ11 αθ1 . Take a real number  such that 0 ă  ă δ. The surjectivity of
Φ shows us that there is a continous loop γ such that α is -homotopic to a strong -path
along γ. Since rαs1 “ rα1s1 for 0 ă  ă 1 ă δ, the injectivity of Φ1 implies that γ and
γ1 are homotopic. When θ ě , we always have rαθsθ “ rαsθ. Thus, for prαθsθqθą0, we have
found a continuous loop γ such that
Φprγsq “ prγsθqθą0 “ prαθsθqθą0 ,
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where rγsθ denotes the θ-homotopy class of a strong θ-path along γ. 
4.4. Generalized Subdendrograms and a Pseudo-metric on LpX, x0q. By analogy
with the ultrametric µp0q discussed in §4.1, we introduce a pseudo-ultrametric on the set of
all discrete loops on a given metric space. This will allow us to view the discrete loop space
of a metric space as a metric space in itself.
Proposition 4.20. Given a pointed metric space pX, x0q, the following defines a pseudo-
ultrametric on LpX, x0q: for any γ, γ1 P LpX, x0q,
µ
p1q
X pγ, γ1q :“ inft ą 0 : γ „1 γ1u.
Proof. Clearly, µ
p1q
X pγ, γ1q “ µp1qX pγ1, γq for all γ, γ1 P LpX, x0q. It remains to prove the
strong triangle inequality. Given arbitrary α, β, γ P LpX, x0q, let 1 “ µp1qX pα, βq and
2 “ µp1qX pβ, γq. For each δ1 ą 1 and δ2 ą 2, there exist a sequence of δ1-paths H1 “ tα “
γ0, γ1, ¨ ¨ ¨ , γk´1, γk “ βu and a sequence of δ2-paths H2 “ tβ “ γk`1, γk`2, ¨ ¨ ¨ , γk`l´1, γk`l “
γu such that each γi differs from γi´1 by a basic move. ThenH “ tα “ γ0, γ1, ¨ ¨ ¨ , γk`l´1, γk`l “
γu is a sequence of maxtδ1, δ2u-paths, where each adjacent two differ by a basic move. Then
α and γ are maxtδ1, δ2u-homotopic via H. By the minimality, µp1qX pα, γq ď maxtδ1, δ2u.
Letting δi Œ i (i “ 1, 2), we obtain µp1qX pα, γq ď maxt1, 2u. 
Remark 4.21. For any γ P LpX, x0q, note that
birthpγq “ µp1qX pγ, γq and deathpγq “ µp1qX pγ, tx0uq.
Suppose α and β are two discrete loops in X. Let  “ maxtbirthpαq, birthpβqu. Then, for
any γ P LpX, x0q, we have
µ
p1q
X pα ˚ γ, β ˚ γq “ µp1qX pα, βq.
This is because when δ ě , there is a δ-homotopy H “ tα, ¨ ¨ ¨ , βu iff there is a δ-homotopy
H ˚ γ :“ tα ˚ γ, ¨ ¨ ¨ , β ˚ γu.
Stability for µ
p1q
‚ . Let pX, x0q and pY, y0q be in Mpt. Let R : X φXÝÝÝ Z φYÝÝÝ Y be a
pointed tripod between X and Y . Note that φX and φY induce surjective maps
LpZ, z0q LpX, x0q and LpZ, z0q LpY, y0q
respectively, still denoted by φX and φY . Thus, we have a tripod between
´
LpX, x0q, µp1qX
¯
and
´
LpY, y0q, µp1qY
¯
:
RL :“ LpX, x0q φXÝÝÝ LpZ, z0q φYÝÝÝ LpY, y0q.
Lemma 4.22. Let pX, x0q and pY, y0q be in Mpt. Then each R P RptppX, x0q, pY, y0qq induces
a tripod RL P RpLpX, x0q,LpY, y0qq with dispRLq ď dispRq. In particular, if αX is an -chain
in X and pαX , αY q P RL (see Page 11), then αY is an p` dispRqq-chain in Y .
Proof. Let R : X
φXÝÝÝ Z φYÝÝÝ Y be a pointed tripod between X and Y . If α “ x0 ¨ ¨ ¨ xn
is an -loop in X, then there exists a discrete loop γ “ z0 ¨ ¨ ¨ zn in Z such that α “ φXpγq.
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Note that φY pγq is an p` dispRqq-loop in Y , because for 0 ď i ď n´ 1,
dY pφY pziq, φY pzi`1qq ď dXpφXpziq, φXpzi`1qq ` |dY pφY pziq, φY pzi`1qq ´ dXpφXpziq, φXpzi`1qq|
ď ` dispRq.
Let pα, βq, pα1, β1q P RL and δ ą µp1qX pα, βq. Then there is a finite sequence of δ-loops in X
HX “ tα “ α0, α1, ¨ ¨ ¨ , αk´1, αk “ α1u
such that each αj differs from αj´1 by a basic move. For each αj, let βj “ φY pγjq where γj
is such that αj “ φXpγjq. Then each βj differs from βj´1 by a basic move. In particular,
HY “ tβ “ β0, β1, ¨ ¨ ¨ , βk´1, βk “ β1u
is a pδ`dispRqq-homotopy between β and β1. Therefore, µp1qY pα1, β1q ď δ`dispRq. Letting δ Œ
µ
p1q
X pα, βq, we obtain µp1qY pα1, β1q ď µp1qX pα, βq ` dispRq. Similarly, µp1qX pα, βq ď µp1qY pα1, β1q `
dispRq. This is true for all pα, βq, pα1, β1q P RL, implying that dispRLq ď dispRq. 
Theorem 4.23 (Stability Theorem for µ
p1q
‚ ). Given pX, x0q and pY, y0q in Mpt,
dGHpLpX, x0q,LpY, y0qq ď dptGHppX, x0q, pY, y0qq.
Proof. By Lemma 4.22,
dGHpLpX, x0q,LpY, y0qq “ 12 inftdispRLq : RL P RpLpX, x0q,LpY, y0qqu
ď 1
2
inftdispRLq : RL induced by R,R P RpX, Y qu
ď 1
2
inftdispRq : R P RpX, Y qu
“ dGHpX, Y q.

Corollary 4.24. Given pX, dXq and pY, dY q PM,
inf
RPRpX,Y q
sup
px0,y0qPR
dGHpLpX, x0q,LpY, y0qq ď dGHpX, Y q.
Critical Values. Let X be a chain-connected metric space. A non-critical interval of X is a
non-empty open interval I Ă R`, such that for , 1 P I with  ă 1, the map Φ,1 is bijective.
We call a positive number  a critical value of X if it is not contained in any non-critical
interval. We denote the subset of R` consisting of all critical values of X by CrpXq, and call
this the critical spectrum of X (see [Wil11]).
Theorem 4.25 (Theorem 3.1.11, [Wil11]). Let X be a compact geodesic space. Then CrpXq
is discrete and bounded above in R`.
Remark 4.26. For a finite metric space X, it is straightforward to check that CrpXq is
discrete and bounded above in R`.
Given pX, x0q PMpt and  ą 0, pi1pX, x0q “ LpX, x0q{ „1 forms a partition of LpX, x0q Ă
LpX, x0q, i.e., a subpartition of LpX, x0q.
Lemma 4.27. Let X be either a compact geodesic space or a finite metric space. The map
 ÞÑ pi1pX, x0q induces a generalized subdendrogram over LpX, x0q, denoted by θsLpX,x0q.
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Proof. We want to check that conditions (1’), (2) and (3) in Definition 3.16 are satisfied.
For  ď 1, LpX, x0q Ă L1pX, x0q and θsLpX,x0qpq refines θsLpX,x0qp1q|LpX,x0q, i.e., condition
(1’) is satisfied. For condition (3), we notice that whenever  ě diampXq, θsLpX,x0qpq is the
single block partition. The semi-continuity, i.e., condition (2): for all r there exists  ą 0 s.t.
θsLpX,x0qprq “ θsLpX,x0qptq for all t P rr, r` s, follows from Theorem 4.25 and Remark 4.26. 
Examples of generalized subdendrograms arising from discrete fundamental groups will be
presented in §7. It is not hard to see that µp1qX “ µsθsLpX,x0q , so we can apply Proposition 3.17
to conclude:
Corollary 4.28. Given pX, dXq and pY, dY q PM,
inf
RPRpX,Y q
sup
px0,y0qPR
dI
`Vk ˝ θsLpX,x0q,Vk ˝ θsLpY,y0q˘ ď dGHpX, Y q.
In general, the computation of Gromov-Hausdorff distance is NP-hard [Sch17], while
in the left-hand-side dI
´
Vk ˝ θsLpX,x0q,Vk ˝ θsLpY,y0q
¯
, as the interleaving distance between 1-
dimensional persistence modules, is computable in polynomial time.
5. Persistent Homotopy Groups
We assume T “ R` in this section unless otherwise specified. In §3.4, we have defined
persistent groups as objects in PGrppT,ďq, as well as homomorphisms and homomorphisms
of degree δ between persistent groups. In this section, we study persistent homotopy groups,
which are persistent groups given by homotopy groups of some spaces.
Persistent Groups. Recall from §3.4 that the set of homorphisms from the persistent group
G to the persistent group H is denoted by HompG,Hq, and the collection of homorphisms
of degree δ is written as HomδpG,Hq. By isomorphisms between persistent groups, we will
mean isomorphisms in the category PGrppT,ďq, denoted by –. We denote by x0y the trivial
group containing exactly one element 0, the addition identity element. The trivial persistent
group is given by
0 :“ x0yrT s.
For a group G and an interval I Ă T , the interval generalized persistence module GrIs (see
Page 13) is also called the interval persistent group.
From the definitions of product and coproduct given in §3.1, we immediately obtain the
following proposition.
Proposition 5.1 (Product and coproduct). In PGrppT,ďq, for any two objects G and H,
‚ the product is given by component-wise direct products and denoted by GˆH; and
‚ the coproduct is given by component-wise free products and denoted by G ˚H.
5.1. Persistent Homotopy Groups. Given a pointed metric space pX, x0q, there are dif-
ferent approaches to construct persistent groups using homotopy information from the metric
space, such as the persistent group PΠ1pX, x0q constructed on Page 22.
Definition 5.2 (Persistent fundamental group). Given a pointed metric space pX, x0q, the
persistent group PΠ1pX, x0q, given by tpi1pX, x0quą0 together with the natural group homo-
morphisms tΦ,1u1ěą0, is called the persistent fundamental group of X.
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Let us examine some properties of persistent fundamental groups here.
Proposition 5.3 (Induced Homomorphisms). Let X and Y be chain-connected metric
spaces, and let ϕ : pX, x0q Ñ pY, y0q be any pointed set map.
(1) For any δ ě dispϕq and  ą 0, the map
ϕ`δ : pi1pXq Ñ pi`δ1 pY q with rαs ÞÑ rϕpαqs`δ
is a well-defined group homomorphism, and pϕ`δ qą0 P HomδpPΠ1pXq,PΠ1pY qq.
(2) If ϕ is 1-Lipschitz, then for each  ą 0, the map
ϕ : pi

1pXq Ñ pi1pY q with rαs ÞÑ rϕpαqs
is a well-defined group homomorphism, and pϕqą0 P HompPΠ1pXq,PΠ1pY qq.
Proof. Given an -loop α “ x0 ¨ ¨ ¨ xn in X, ϕpαq “ ϕpx0q ¨ ¨ ¨ϕpxnq is an p ` δq-loop in Y ,
because for 0 ď i ď n´ 1,
dY pϕpxiq, ϕpxi`1qq ď dXpxi, xi`1q ` |dY pϕpxiq, ϕpxi`1qq ´ dXpxi, xi`1q| ď ` δ.
Since ϕ preserves basic moves, given an -homotopy H “ tα “ α0, ¨ ¨ ¨ , αk “ βu, ϕpHq :“
tϕpαq “ ϕpα0q, ¨ ¨ ¨ , ϕpαkq “ ϕpβqu is an p` δq-homotopy in Y . Thus, ϕ`δ is well-defined.
In addition, ϕ`δ is a group homomorphism, because for any α, β P LpX, x0q,
ϕ`δ prα˚βsq “ rϕpα˚βqs`δ “ rϕpαq˚ϕpβqs`δ “ rϕpαqs`δrϕpβqs`δ “ ϕ`δ prαsqϕ`δ prβs`δq.
Here ˚ denote the concatenation of discrete chains.
The statement pϕ`δ q P HomδpPΠ1pXq,PΠ1pY qq follows from the following commutative
diagram (for all 1 ą ):
rαs rϕpαqs`δ
rαs1 rϕpαqs1`δ.
Similar arguments can be applied to prove Part (2), so we omit them. 
5.1.1. Persistent K-homotopy Groups and Persistent VR-homotopy Groups. For n P Zě1,
assigning the n-dimensional homotopy group to a pointed topological space forms a func-
tor from the category of pointed spaces to the category of groups, called the homotopy
group functor and denoted by pin : Top
˚ Ñ Grp. In particular, when n “ 1, we call it
the fundamental group functor. In analogy to persistent homology theory, one could apply
the homotopy group functor to filtrations of a given metric space to obtain a persistent group.
Kuratowski Filtration and Persistent K-homotopy Groups. Let pX, dXq be a bounded
metric space. We recall from [Bor67] a method to embed X isometrically as a subset of some
Banach space, which will eventually allow us to enlarge X. Let KpXq :“ pL8pXq, } ¨ }8q,
where L8pXq is the space of bounded functions f : X Ñ R and }f}8 :“ supxPX |fpxq|. For
a bounded metric space pX, dXq, the Kuratowski embedding is given by
kX : X Ñ L8pXq,
x ÞÑ dXpx, ¨q.
By the Kuratowski–Wojdys lawski Theorem (see [Bor67, Theorem III.8.1]), the Kuratowski
embedding kX is distance-preserving.
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Definition 5.4 (-thickening). The -thickening of a compact metric space pX, dXq is the
closed (or open) -neighborhood of kXpXq in KpXq , henceforth denoted by X (or Xă).
Let pX, x0q be a pointed compact metric space. For any 0 ď  ă 1, there is a natural
embedding iX,1 : X
 Ñ X1 , which forms a filtration in Top, called the Kuratowski filtration
and denoted by X. When there is no danger of confusion, we simply write iX for iX,1 . Under
the map kX , x0 can be viewed as a point in X
 for each  ą 0, which induces a functor
pX, x0q : pRě0,ďq Ñ Top˚ such that pX, x0qpq “ pX, x0q and pX, x0qp ď 1q “ iX,1 .
Definition 5.5 (Persistent K-homotopy group1). Let pX, x0q be a pointed compact met-
ric space. By pX, x0q, composing the homotopy group functor pin with pX, x0q induces a
persistent group
PΠKn pX, x0q :“ tpinpX, x0quě0 ,
together with the induced homomorphisms on homotopy groups. We call it the n-th persis-
tent K-homotopy group.
Remark 5.6. Composing the homology functor Hn with X results into the persistent K-
homology group PHKn pX, x0q.
Similarly, we can apply homotopy group functors to the geometric realizations of Vietoris-
Rips complexes.
Definition 5.7 (Persistent VR-homotopy group). Let pX, x0q be a pointed compact metric
space. For each n P Zě1, we have the persistent group
PΠVRn pX, x0q :“ tpin p|VRpXq| , x0quě0 ,
together with the induced homomorphisms. We call it the n-th persistent VR-homotopy
group.
As Vietoris-Rips complexes are simplicial complexes, one can also apply the edge-path
group (see Page 22) functor to obtain a persistent group
PΠE1 pX, x0q :“
 
piE1 pVRpXq, x0q
(
ě0 ,
together with the induced homomorphisms edge-path groups. We have seen in Theorem 4.15
that
PΠVR1 pX, x0q – PΠE1 pX, x0q – PΠ1pX, x0q.
It will be seen in Theorem 5.12 that Definition PΠK1 pX, x0q is isomorphic to the others as
well.
Remark 5.8. One advantage of persistent K-homotopy groups and persistent VR-homotopy
groups is that they can be defined for n-dimensional homotopy groups. However, it does not
appear to be trivial to generalize the idea of persistent fundamental group or PΠE1 pX, x0q to
higher dimensions.
Theorem 5.9 (Theorem 3.1, [LMO20]). Let X PM and  ě 0. Then,
Xă‚ – |VRă2‚pXq| ,
as functors from pRě0,ďq to the homotopy category of Top.
1K is for Kuratowski.
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Remark 5.10. By a very similar argument with Theorem 5.9, one can check that if X is a
finite metric space, then
Xď‚ – |VRď2‚pXq| .
If X is not finite, it does not appear to be a trivial question whether the above isomorphism
still holds. But we always have that
dHI
`
Xď‚, |VRď2‚pXq|
˘ “ 0,
by approximating X with a sequence of finite metric spaces under dGH and applying the trian-
gle inequality, the stability of Kuratowski filtration and the Vietoris-Rips filtration. Indeed,
let  ą 0 be arbitrarily small, and let X be a finite metric space such that dGHpX,Xq ď .
Then
dHI
`
Xď‚, |VRď2‚pXq|
˘ ď dHI `Xď‚,Xď‚ ˘` dHI `Xď‚ , |VRď2‚pXq|˘
` dHI p|VRď2‚pXq| , |VRď2‚pXq|q
ď ` 0`  “ 2.
Corollary 5.11. Let pX, x0q be a pointed compact metric space. Then,
PΠK,‚n pX, x0q – PΠVR,2‚n pX, x0q and PHK,‚n pX, x0q – PHVR,2‚n pX, x0q,
which are true for the open version and for the closed version with X a finite metric space.
Now we are ready to prove the following isomorphism theorem of persistent fundamental
groups.
Theorem 5.12 (Isomorphisms of persistent fundamental groups). Given a pointed compact
metric space pX, x0q, we have
PΠK,‚1 pX, x0q – PΠVR,2‚1 pX, x0q – PΠ2‚1 pX, x0q, (2)
where the second isomorphism is true in either version, and the first isomorphism is true for
the open version and for the closed version with X a finite metric space. In either version,
PΠK,‚1 pX, x0q and PΠVR,2‚1 pX, x0q have homotopy-interleaving distance zero.
Proof. The first isomorphism in Equation (2) follows from Theorem 5.9 directly. The second
isomorphism is derived from Theorem 4.15, by checking the following collection of group
isomorphisms
pi1pX, x0q – pi1 p|VRpXq| , x0q , @ ě 0
forms an isomorphism between persistent groups. 
Example 5.13 (Unit circle S1). Recall from [AA17, Theorem 7.6] that we have homotopy
equivalence
ˇˇ
VRrpS1q
ˇˇ –
$’&’%
S2l`1, if l
2l`1 2pi ă r ă l`12l`3 2pi for some l “ 0, 1, ¨ ¨ ¨ ,Žc S2l, if r “ l
2l`1 2pi for some l “ 0, 1, ¨ ¨ ¨ ,
˚, if r ě pi.
Here c is the cardinality of the continuum (i.e. the cardinality of R), and ˚ is the one-point
space.
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Let k P Zě1. As Žc S2k is p2k ´ 1q-connected, it follows from the Hurewicz theorem (cf.
[Hat01, Theorem 4.32]) that
pi2k
˜
cł
S2k
¸
– H2k
˜
cł
S2k
¸
– Zˆc.
Then the persistent homology groups of S1 are
PHVRn pS1q –
#
Z
`
k´1
2k´1 2pi,
k
2k`1 2pi
˘
, if n “ 2k ´ 1,
Zˆc
“
k
2k`1 2pi,
k
2k`1 2pi
‰
, if n “ 2k.
Because pinpSmq is not totally known for the case n ą m, the calculation of PΠVRn pS1q can
only be done for some choices of n. For example, we have
PΠVRn pS1q –
#
Z
`
0, 2pi
3
˘
, if n “ 1,
Zˆc
“
2pi
3
, 2pi
3
‰
, if n “ 2.
5.1.2. Persistent Rational Homotopy Groups. The rational homotopy groups pinpX, x0qbZQ
of a pointed topological space pX, x0q are the standard homotopy group pinpX, x0q tensored
with the rational numbers Q, for each n ě 0. We assume that all topological spaces are path-
connected and denote the rational homotopy groups by pinpXqbZQ for simplicity of notation.
Compared with the difficulty of calculating homotopy groups of spheres, the computation of
rational homotopy groups of spheres is substantially easier and was done by Serre in 1951
(see [Ser51]):
pinpS2k´1q bZ Q –
#
Q, n “ 2k ´ 1,
0, otherwise,
and pinpS2kq bZ Q –
#
Q, n “ 2k or n “ 4k ´ 1,
0. otherwise.
This inspires us to consider the notion of persistent rational homotopy groups, by tensoring
persistent homotopy groups with rational numbers Q in the following sense.
Let the field k “ Q. Then the category Vec represents the category of vector spaces
over Q. Let Ab be the category of Abelian groups, and let PAbpR`,ďq denote the category
of functors G : pR`,ďq Ñ Ab. Because Ab and Vec are categories of Z-modules and
Q-modules respectively, the following defines a functor from Ab to Vec:
´bZ Q : GÑ GbZ Q and f bZ Q “ f bZ IdQ : GbZ QÑ H bZ Q,
for each group homomorphism f : GÑ H of Abelian groups. Moreover, the functor ´bZQ
induces a functor from PAbpR`,ďq to PVecpR`,ďq such that for each G P PAbpR`,ďq, GbZQ
is the composition of the following two functors:
pR`,ďq GÝÑ Ab ´bZQÝÝÝÑ Vec .
With the above construction and Example 5.13, we compute the persistent rational ho-
motopy groups of the unit circle S1:
PΠVRn pS1q bZ Q –
$’’&’’%
Q
`
2k´1
4k´1 2pi,
2k
4k`1 2pi
˘‘Qˆc “ 2k
4k`1 2pi,
2k
4k`1 2pi
‰
, if n “ 4k ´ 1,
Q
`
2k
4k`1 2pi,
2k`1
4k`3 2pi
˘
, if n “ 4k ` 1,
Qˆc
“
k
2k`1 2pi,
k
2k`1 2pi
‰
, if n “ 2k,
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as well as the persistent rational homology groups of S1:
PHVRn pS1;Qq – PHVRn pS1q bZ Q –
#
Q
`
k´1
2k´1 2pi,
k
2k`1 2pi
˘
, if n “ 2k ´ 1,
Qˆc
“
k
2k`1 2pi,
k
2k`1 2pi
‰
, if n “ 2k.
(3)
The leftmost isomorphism in Equation (3) follows from the universal coefficient theorem for
homology (cf. [Hat01, Theorem 3A.3]). In addition, it can be directly checked that
dI
`
PΠVRn
`
S1
˘bZ Q,PHVRn `S1;Q˘˘ “ 0.
Note that in the case of n “ 4k ´ 1, because persistent modules PΠVRn pS1q bZ Q and
PHVRn pS1;Qq contain different types of indecomposables, they are not isomorphic to each
other.
Notice that any δ-interleaving between two persistent Abelian groups G and H induces a
δ-interleaving between the persistent modules GbZ Q and HbZ Q. Thus,
dI pGbZ Q,HbZ Qq ď dI pG,Hq .
In addition, we have the following corollary of Theorem 6.1.
Corollary 5.14. Let X and Y be compact chain-connected metric spaces. Then for each
n P Zě2,
dI
`
PΠKn pXq bZ Q,PΠKn pY q bZ Q
˘ ď dGHpX, Y q.
When PΠK1 pXq,PΠK1 pY q P PAb, we also have
dI
`
PΠK1 pXq bZ Q,PΠK1 pY q bZ Q
˘ ď dGHpX, Y q.
5.2. Dendrograms and a Metric on pi1pX, x0q. Let G “ ptGtutą0, tftsutďsPR`q be a
persistent group, which is naturally an pR`,ďq-shaped diagram in Grp. We can consider
its limit, i.e., the group
G0 :“ limG “
#
patqtą0 P
ź
tą0
Gt : as “ ftspatq, @ t ď s
+
,
endowed with natural projections pt : G0 Ñ Gt picking out the t-th component. Since
ps “ fts ˝pt for t ď s, we have kerpptq Ă kerppsq. If pt is surjective, then Gt – G0{ kerpptq can
be regarded as a partition of the limit G0. If pt and ps are both surjective for some t ď s,
then, as partitions of G0, Gt refines Gs.
By Theorem 4.19, if a metric space pX, dXq is both u.l.p.c. and u.s.l.s.c., then each ΦX is
surjective and pi1pXq – limpi1pXq, in which case each pi1 can be regarded as a partition of
pi1pXq. Furthermore, applying Theorem 4.25 we obtain the following theorem:
Theorem 5.15 (Dendrogram over pi1pXq). Let a compact geodesic metric space X be semi-
locally simply connected (s.l.s.c.). Then there is a dendrogram θpi1pXq over pi1pXq, given by
θpi1pXqpq :“
#
pi1pXq, if  ą 0
pi1pXq, if  “ 0.
As an example, let us look at the dendrogram associated to S1 and understand the induced
metric µθpi1pS1q
.
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Example 5.16. When r “ 1 in Example 4.13, associated to PΠ1pS1q we have a dendrogram
over pi1pS1q – Z shown in Figure 2 on Page 5. The metric µθpi1pS1q induces an ultrametric d
on Z given by
dpn,mq “
#
2pi
3
, if n ‰ m,
0, if n “ m.
In Example 4.18, a simply connected compact space (e.g. the unit sphere S2) has a trivial
associated dendrogram. Thus, the metric space
´
pi1pS2q, µθpi1pS2q
¯
is (isometric to) the one-
point metric space ˚. It follows from Proposition 3.5 that
dGH
´´
pi1pS1q, µθpi1pS1q
¯
,
´
pi1pS2q, µθpi1pS2q
¯¯
“ 1
2
diamppi1pS1qq “ pi3 .
By the same argument, we conclude:
Corollary 5.17. Let a compact geodesic metric space X be semi-locally simply connected
(s.l.s.c.) and let Y be a simply connected compact space, then
dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
“ 1
2
diamppi1pXqq.
The next theorem, following immediately from Theorem 5.15, Proposition 3.15 and The-
orem 4.19, shows that the Gromov-Hausdorff distance between fundamental groups can be
estimated by the interleaving distance between dendrograms.
Theorem 5.18. If compact geodesic metric spaces X and Y are u.l.p.c. and u.s.l.s.c., then
1
2
¨ dIpVk ˝ θpi1pXq,Vk ˝ θpi1pY qq ď dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
ď dIpθpi1pXq, θpi1pY qq,
where
dIpθpi1pXq, θpi1pY qq “ dSetI pPΠ1pXq,PΠ1pY qq ď dGrpI pPΠ1pXq,PΠ1pY qq.
We finish this section with a stability result for µθpi1p‚q .
Theorem 5.19 (`8-stability for dendrograms over pi1p‚q). Let compact geodesic metric
spaces pX, dXq and pY, dY q be u.l.p.c. and u.s.l.s.c. Suppose X and Y are homotopy equiv-
alent, i.e., there exists continuous maps f : X Ñ Y and g : Y Ñ X such that f ˝ g is
homotopic to IdY and g ˝ f is homotopic to IdX . Then›››µθpi1pXq ´ µθpi1pY q ˝ ppi1f, pi1fq›››8 ď maxtdispfq, dispgqu,
where pi1f : pi1pXq Ñ pi1pY q is the induced homomorphism. In particular, when X “ Y and
dX and dY induce the same topology on X, we can take f and g to be the identity map. In
this case, ›››µθpi1pXq ´ µθpi1pY q›››8 ď }dX ´ dY }8.
Proof. Note that the induced homomorphisms pi1f : pi1pXq Ñ pi1pY q and pi1g : pi1pY q Ñ
pi1pXq are isomorphisms, and these isomorphisms are inverses of each other. Since disppi1fq “
codisppi1f, pi1gq “ disppi1gq, we have
maxtdisppi1fq, codisppi1f, pi1gq, disppi1gqu “ disppi1fq.
Let γ and γ1 be two continuous loops in X based at x0. Let δ ą µθpi1pXqpγ, γ1q. Then there
exists  ě δ and -loops α and α1, which are strong -loops along γ and γ1 respectively,
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such that α „1 α1 via an -homotopy H. By an argument similar to that of Proposition
5.3, fpαq and fpα1q are p ` dispfqq-loops, and fpHq is an p ` dispfqq-homotopy. Directly
checking from the definition, we see that fpαq and fpα1q are strong p` dispfqq-loops along
pi1fpγq and pi1fpγ1q, respectively. Thus, µθpi1pY qppi1fpγq, pi1fpγ1qq ď  ` dispfq. Letting δ Œ
µθpi1pXqpγ, γ1q, we obtain µθpi1pY qppi1fpγq, pi1fpγ1qq ď µθpi1pXqpγ, γ1q ` dispfq. Using the fact that
pi1f and pi1g are inverses of each other, we can prove in a similar way that µθpi1pXqpγ, γ1q ď
µθpi1pY qppi1fpγq, pi1fpγ1qq ` dispgq. It follows that›››µθpi1pXq ´ µθpi1pY q ˝ ppi1f, pi1fq›››8 “ disppi1fq ď maxtdispfq, dispgqu.

Remark 5.20. Despite Theorem 5.19, it is not clear whether
dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
ď dGHpX, Y q. (4)
The difficulty to prove such a claim is that arbitrary set maps do not necessarily induce
homomorphisms between fundamental groups. In §6, we will prove a weaker version of
Equation (4): with a factor 2 on the right hand side (cf. Theorem 6.2).
5.2.1. An application on Riemannian manifolds. As an application of Theorem 5.19, let us
consider a connected Riemannian manifold pM, gq, where M is a smooth manifold and g
smoothly assigns an inner product gp to each tangent space TpM for each p P M . Let
λ : M Ñ R` be a smooth positive function. Then pM,λ ¨gq is also a Riemmannian manifold.
A change of Riemannian metric g Ñ g˜ is called a conformal change, if angles between two
vectors with respect to g and g˜ are the same at every point of the manifold. It is clear that
g Ñ λ ¨ g is a conformal change. Let λ and λ˜ be two smooth positive functions from M to
R`. Given any two distinct points x and x1 in M , if γ is a smooth curve on M from x to x1,
then ˇˇ
Lλgpγq ´ Lλ˜gpγq
ˇˇ “ ˇˇˇˇż
γ
λg ´ λ˜g
ˇˇˇˇ
ď }λ´ λ˜}8 ¨
ż
γ
g,
where Lgpγq represents the length of γ in pM, gq. It follows that
dλgpx, x1q ď inf
γ
Lλgpγq ` inf
γ
ˇˇ
Lλgpγq ´ Lλ˜gpγq
ˇˇ
ď inf
γ
Lλ˜gpγq ` }λ´ λ˜}8 ¨ infγ
ż
γ
g
ď dλ˜gpx, x1q ` }λ´ λ˜}8 ¨ diampM, gq.
Thus, we have
}dλg ´ dλ˜g}8 ď }λ´ λ˜}8 ¨ diampM, gq. (5)
Since pM,λ ¨ gq and pM, λ˜ ¨ gq have the same homotopy type, we can apply Theorem 5.19
and Equation 5 to obtain
Corollary 5.21. ›››µθpi1pM,λgq ´ µθpi1pM,λ˜gq›››8 ď }λ´ λ˜}8 ¨ diampM, gq.
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For example, let us take M to be the 2-dimensional torus T 2 and g to be the flat metric
on it. In other words, pT 2, gq is the quotient space of the Euclidean square r0, 2pis ˆ r0, 2pis
by identifying the opposite sides (see Figure 3). Then we have›››µθpi1pT2,λgq ´ µθpi1pT2,λ˜gq›››8 ď }λ´ λ˜}8 ¨ ?5pi,
Figure 3. The manifold pT 2, gq, as the quotient space of the Euclidean square
r0, 2pis ˆ r0, 2pis by identifying the opposite sides. The length of the red line
realizes the diameter of T 2.
5.3. Persistent Homotopy Groups under Products. Let the Cartesian product XˆY
of two metric spaces be equipped with the `8 product metric:
dXˆY ppx, yq, px1, y1qq :“ maxtdXpx, x1q, dY py, y1qu, @x, x1 P X; y, y1 P Y.
Note that when X and Y are chain-connected, X ˆ Y is also chain-connected.
Proposition 5.22 (Proposition 10.2, [AA17]). Let X and Y be pointed metric spaces. For
each  ą 0, we have the basepoint preserving homotopy equivalence
|VRpXq| ˆ |VRpY q| –ÝÑ |VRpX ˆ Y q| .
Furthermore, for 0 ă  ď 1, we have the following commutative diagram:
|VRpXq| ˆ |VRpY q| |VR1pXq| ˆ |VR1pY q|
|VRpX ˆ Y q| |VR1pX ˆ Y q| .
– –
Recall from [Hat01, Proposition 4.2] the fact that pinpX ˆ Y, px0, y0qq – pinpX, x0q ˆ
pinpY, y0q. Thus, by applying the homotopy group functor to the above commuting diagram
where all maps preserve basepoints, we obtain the following corollary:
Corollary 5.23. Let pX, x0q and pY, y0q be pointed metric spaces. There is a natural iso-
morphism of persistent groups:
PΠVRn pX ˆ Y, px0, y0qq – PΠVRn pX, x0q ˆ PΠVRn pY, y0q,
the product of PΠVRn pX, x0q and PΠVRn pY, y0q (see Page 9). It follows that
PΠ1pX ˆ Y, px0, y0qq – PΠ1pX, x0q ˆ PΠ1pY, y0q. (6)
Remark 5.24. Recall from Theorem 5.15 that if a compact geodesic metric space X is
both u.l.p.c. and u.s.l.s.c., then there is a dendrogram θpi1pXq over pi1pXq. Suppose Y is
also such a space with a dendrogram θpi1pY q over pi1pY q. Since X ˆ Y is also geodesic,
u.l.p.c. and u.s.l.s.c., the left hand side of Equation (6) induces a dendrogram θpi1pXˆY q over
pi1pX ˆ Y q. Meanwhile, the product of dendrograms θpi1pXqˆ θpi1pY q gives a dendrogram over
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pi1pXq ˆ pi1pY q – pi1pX ˆ Y q, cf. Page 17. In particular, the isomorphism given in Equation
(6) implies that for each  ě 0 one has
θpi1pXˆY qpq “
`
θpi1pXq ˆ θpi1pY q
˘ pq :“ #pi1pXq ˆ pi1pY q, if  ą 0
pi1pXq ˆ pi1pY q, if  “ 0,
as partitions of pi1pX ˆ Y q.
Example 5.25. Consider the torus T 2pr1, r2q :“ S1pr1q ˆ S1pr2q, where 0 ă r1 ď r2 and
S1pr1q and S1pr2q are both endowed with their corresponding geodesic metrics. Then
PΠ1
`
S1pr1q ˆ S1pr2q
˘ “ Z `0, 2pi
3
r1
˘ˆ Z `0, 2pi
3
r2
˘ “ pZˆ Zq `0, 2pi
3
r1
˘ˆ Z “2pi
3
r1,
2pi
3
r2,
˘
and the dendrogram associated to PΠ1pT 2pr1, r2qq over pi1pT 2pr1, r2qq – Z ˆ Z is described
in Figure 4.
-1
0
1
2pi
3
r1
2pi
3
r2
pi
1
pT
2
pr 1
,r
2
qq
Figure 4. The dendrogram associated to PΠ1pT 2pr1, r2qq. The y-axis repre-
sents elements of pi1pT 2pr1, r2qq – Zγ1 ˆ Zγ2, where γ1 and γ2 are generators
of pi1pS1pr1qq and pi1pS1pr2qq, respectively. More precisely, for k ě 1 and l P Z,
the element pγ˘k1 , γl2q is represented by the y-value l ˘ 1k`2 and the element
pγ01 , γl2q is represented by the y-value l. Notice that the dendrogram associated
to PΠ1pT 2pr1, r2qq contains the dendrogram associated to PΠ1pS1pr2qq.
When r1 “ r2 “ 1, we write T 2 :“ T 2p1, 1q and apply Example 5.13 to compute:
PΠVRn pT 2q –
#pZˆ Zq `0, 2pi
3
˘
, if n “ 1,
pZˆc ˆ Zˆcq “2pi
3
, 2pi
3
‰
, if n “ 2.
As for the persistent homology groups of S1 ˆ S1, because PHipS1q is torsion free for each
i ě 0 and  ą 0, the Ku¨nneth Theorem (cf. [Hat01, Theorem 3B.5]) can be applied to
calculate PHVR,n pT 2q –
Àn
i“0 PH

ipS1q ˆ PHn´ipS1q. On the other hand, if the homology
groups PHVR,n pT 2;Rq are computed with coefficients in R, then for all integers k ě 0, the
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corresponding undecorated persistence diagrams of T 2 are (cf. [LMO20, Example 4.3]):
dgm2k`1pT 2q “
 `
k
2k`1 2pi,
k`1
2k`3 2pi
˘
,
`
k
2k`1 2pi,
k`1
2k`3 2pi
˘(
,
dgm4k`2pT 2q “
 `
k
2k`1 2pi,
k`1
2k`3 2pi
˘(
,
dgm4k`4pT 2q “ H.
5.4. Persistent Fundamental Groups under Wedge Sums. The wedge sum X _ Y of
two pointed metric spaces X and Y is the quotient space of the disjoint union of X and
Y by the identification of basepoints x0 „ y0: X _ Y “ pX > Y q {„. Denote the resulting
basepoint of X _ Y by z0. Let the wedge product be equipped with the gluing metric (see
[AAG`19]):
dX_Y px, yq :“ dXpx, x0q ` dY py, y0q, @x P X, y P Y
and dX_Y |XˆX “ dX , dX_Y |YˆY “ dY . Notice that the above definition can be generalized to
the case when we glue n different pointed metric spaces pX1, x1q, ¨ ¨ ¨ , pXn, xnq by identifying
xi „ xj for all 1 ď i, j ď n. We denote the resulting space by Žni“1pXi, xiq, or Žni“1Xi for
simplicity, with the gluing metric:
dŽn
i“1Xipyi, yjq :“ dXipyi, xiq ` dXjpyj, xjq, @i ‰ j, yi P Xi, yj P Xj
and dXi_Xi |XiˆXi “ dXi for 1 ď i ď n.
Proposition 5.26 (Proposition 3.7, [AAG`19]). Let X and Y be pointed metric spaces. For
each  ą 0, we have the basepoint preserving homotopy equivalence
|VRpXq| _ |VRpY q| –ÝÑ |VRpX _ Y q| .
Furthermore, for 0 ă  ď 1, we have the following commutative diagram:
|VRpXq| _ |VRpY q| |VR1pXq| _ |VR1pY q|
|VRpX _ Y q| |VR1pX _ Y q| .
– –
By applying the fundamental group functor to the above commuting diagram, where all
maps preserve basepoints, we obtain a corollary about the persistent fundamental group of
the wedge sum of metric spaces.
Corollary 5.27. Let pX, x0q and pY, y0q be pointed metric spaces, and let z0 be the basepoint
in X _ Y obtained by identifying x0 and y0. There is a natural isomorphism of persistent
groups:
PΠ1pX _ Y, z0q – PΠ1pX, x0q ˚ PΠ1pY, y0q,
the coproduct of PΠ1pXq and PΠ1pY q given by componentwise free product (see Page 9).
Proof. This follows immediately from Theorem 4.15, Proposition 5.26 and the van-Kampen
theorem (see [Hat01, Theorem 1.20]). 
Remark 5.28. Via the isomorphism between PΠVRn and PΠ
K
n , Corollary 5.23 and Corollary
5.27 can both be derived in a much simpler way using Kuratowski filtrations. See the proof
of [LMO20, Theorem 4.1] for details.
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Example 5.29 (Bouquets of circles). Let 0 “: r0 ă r1 ă r2 ă ¨ ¨ ¨ ă rn and let k1, k2, ¨ ¨ ¨ , kn
be positive integers. Consider a bouquet of circles given as follows: let
C “
˜
k1ł
S1pr1q
¸
_
˜
k2ł
S1pr2q
¸
_ ¨ ¨ ¨ _
˜
knł
S1prnq
¸
by gluing one point from each circle together. Then,
PΠ1pCq “
#
Z˚pki`¨¨¨`knq, if 2pi
3
ri´1 ď  ă 2pi3 ri, for i “ 1, ¨ ¨ ¨ , n.
0, if  ě 2pi
3
rn.
,
where PΠ01pCq :“ pi1pCq “ Z˚pk1`¨¨¨`knq. In addition,
PΠ1pCq “
nž
i“1
Z˚ki
“
0, 2pi
3
ri
˘ “ nž
i“1
Z˚pki`¨¨¨`knq
“
2pi
3
ri´1, 2pi3 ri
˘
.
Notice that the number of free generators of PΠ1pCq can be represented by a stair-case
function:
fCpq :“
#
ki ` ¨ ¨ ¨ ` kn, if  P
“
2pi
3
ri´1, 2pi3 ri
˘
, for i “ 1, ¨ ¨ ¨ , n.
0, if  P “2pi
3
rn,`8
˘
.
Taking r1 “ 1, r2 “ 2 and r3 “ 3, we obtain the function fC shown in Figure. 5
C
2pi
3
4pi
3
6pi
3
0
1
2
3
fC

Figure 5. Bouquets of three circles with r1 “ 1, r2 “ 2 and r3 “ 3 (left)
and the corresponding function fC (right) representing the number of free
generators of PΠ1pCq.
5.5. Relation to Persistent Homology Groups: Persistent Hurewicz Theorem.
In [BCW14], Barcelo et al. established a slightly different definition of -homotopy, where
an -homotopy between two -chains γ1 and γ2 (of the same size n) is an -Lipschitz map
H : prns ˆ rms, `1q Ñ pX, dXq, instead of equipping rns ˆ rms with the `8 metric as we do in
this paper. They proved a discrete version of the Hurewicz theorem under the `1 metric in
[BCW14]. Via a similar argument, we obtain the following:
Theorem 5.30 (Discrete Hurewicz Theorem). Let  ą 0. Let pX, x0q be a pointed -
connected metric space. Then there is a surjective group homomorphism
ρ : pi

1pX, x0q PHVR,1 pXq :“ PHVR,1 pX;Zq
such that kerpρq “ rpi1pX, x0q, pi1pX, x0qs, the commutator group of pi1pX, x0q.
By checking that ρ :“ tρuą0 P HompPΠ1pXq,PHVR1 pXqq (see Page 39) and applying the
ismorphism theorem of persistent fundamental groups, we obtain the persistent Hurewicz
theorem:
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Theorem 5.31 (Persistent Hurewicz Theorem). Let X be a chain-connected metric space.
Then there is a natural transformation
PΠK1 pXq ρùñ PHK1 pXq,
where for each  ą 0, ρ is surjective and kerpρq is the commutator group of PΠK,1 pXq.
Proof of Theorem 5.30. Here we adapt the proof of Theorem 4.1 from [BCW14]. For sim-
plicity, we fix  and write ρ for ρ. Also, we write d for dX and omit ˚ for the concatenation
of discrete loops.
Let rγs P pi1pX, x0q and choose a representative γ “ x0x1 ¨ ¨ ¨ xn`1 with xn`1 “ x0. For
each i P rns, since dpxi, xi`1q ď , σi :“ txi, xi`1u is an 1-simplex in VRpXq, implying thatř
i σi P C1pVRpXq;Zq. Note that
ř
i σi P kerpB1q, because
B1
˜ÿ
i
σi
¸
“ px1 ´ x0q ` px2 ´ x1q ` ¨ ¨ ¨ ` pxn`1 ´ xnq “ 0.
Define ρ˜pγq “ ři σi. Let p : kerpB1q Ñ PHVR,1 pXq be the canonical projection, and define
ρprγsq :“ ppρ˜pγqq.
Claim 1: ρ is well defined.
It suffices to prove that ρ is well-defined under basic moves. Let γ “ x0x1 ¨ ¨ ¨ xnx0. Suppose
that by removing some point xi (1 ď i ď n), we obtain an -chain γi “ x0x1 ¨ ¨ ¨ xi´1xi`1 ¨ ¨ ¨ xnx0.
Then,
ρ˜pγq ´ ρ˜pγiq “ txi´1, xiu ` txi, xi`1u ´ txi´1, xi`1u “ B2ptxi´1, xi, xi`1uq.
Because γi is an -chain, dpxi´1, di`1q ď , and thus txi´1, xi, xi`1u P C2 pVRpXq;Zq. It
follows that ρ˜pγq ´ ρ˜pγiq P ImpB2q and ρpγq “ ρpγiq.
If adding yi results a new -chain γ
1
i “ x0x1 ¨ ¨ ¨ xi´1yixi ¨ ¨ ¨ xnx0, we can apply similar
arguments to obtain ρ˜pγq ´ ρ˜pγ1iq “ B2ptxi´1, yi, xiuq P ImpB2q and thus ρpγq “ ρpγ1iq.
Claim 2: ρ is a group homomorphism.
Let γ1 “ x0x1 ¨ ¨ ¨ xnxn`1 and γ2 “ y0y1 ¨ ¨ ¨ ymym`1 where x0 “ xn`1 “ y0 “ ym`1. Then
ρ˜pγ1γ2q “
nÿ
i“0
txi, xi`1u `
mÿ
j“0
tyj, yj`1u “ ρ˜pγ1q ` ρ˜pγ2q ùñ ρpγ1γ2q “ ρpγ1q ` ρpγ2q.
Claim 3: ρ is surjective.
Let λ P kerpB1q. As an element of C1pVRpXq;Zq, λ can be written as řki“1 niσi for some
ni P Z and σi “ txi, yiu such that dpxi, yiq ď  for all i. Since B1pλq “ 0, we have
kÿ
i“1
nipyi ´ xiq “ 0. (7)
Let S “ txi, yi : i “ 1, ¨ ¨ ¨ , ku. Given q P S,
‚ let mq be the sum of coefficients of q in Equation (7). Note that mq “ 0.
‚ let βq be an -chain from x0 to q in X.
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For each i, define ηi :“ βxiσiβ´1yi . Clearly, every ηi is an -loop. Let γ “ ηn11 ηn22 ¨ ¨ ¨ ηnkk , which
is again an -loop. In addition, we have ρprγsq “ λ, because
ρ˜pγq “
kÿ
i“1
ni pρ˜pβxiq ` σi ´ ρ˜pβyiqq
“
kÿ
i“1
niσi `
kÿ
i“1
ni pρ˜pβxiq ´ ρ˜pβyiqq
“
kÿ
i“1
niσi `
ÿ
qPS
mqρ˜pβqq
“
kÿ
i“1
niσi “ λ.
Claim 4: kerpρq “ rpi1pX, x0q, pi1pX, x0qs.
By the previous claims, Impρq “ PHVR,1 pXq is Abelian. Since Impρq – pi1pX, x0q{ kerpρq, it
must be true that rpi1pX, x0q, pi1pX, x0qs Ă kerpρq. It remains to prove the reverse inclusion.
Let γ “ v0v1 ¨ ¨ ¨ vrvr`1, with v0 “ vr`1 “ x0, be an -loop such that γ P kerpρq. It follows
from ρpγq “ 0 that there exists σ “ řki“1 niσi with σi “ txi, yi, ziu P C2 pVRpXq;Zq such
that
γ “ B2pσq “
kÿ
i“1
ni ptxi, yiu ` tzi, xiu ` tyi, ziuq . (8)
Denote σ1i “ txi, yiu, σ2i “ tyi, ziu and σ3i “ tzi, xiu.
‚ Let L :“ tσji : i “ 1, ¨ ¨ ¨ , k; j “ 1, 2, 3u. Given ζ P L, let mζ be the sum of coefficients
of ζ in Equation (8).
‚ Let S be the set of endpoints of all σji . For each q P S, let βq be an -chain from x0
to q in X.
For each i, define ηi :“ pβxiσ1i β´1yi qpβyiσ2i β´1zi qpβziσ3i β´1xi q “ βxiσ1i σ2i σ3i β´1xi , which is an -chain.
Assume βxi “ x0w1 ¨ ¨ ¨wlxi. It follows from txi, yi, ziu P C2 pVRpXq;Zq that
ηi “ x0w1 ¨ ¨ ¨wlxixiyiyizizixiwl ¨ ¨ ¨w1x0
„1 x0w1 ¨ ¨ ¨wlxiyizixiwl ¨ ¨ ¨w1x0
„1 x0w1 ¨ ¨ ¨wlxiyixiwl ¨ ¨ ¨w1x0
„1 x0w1 ¨ ¨ ¨wlxixiwl ¨ ¨ ¨w1x0
„1 x0.
Let η “ ηn11 ηn22 ¨ ¨ ¨ ηnkk , which is -homotopic to the constant loop x0.
Recall that γ “ v0v1 ¨ ¨ ¨ vrvr`1. Let τi “ tvi, vi`1u for i P rrs and let τ “śri“0 βτip0qτiβ´1τip1q,
which is -homotopic to γ. Therefore, γ „1 τη´1. For each ζ P L, the loop βζp0qζβ´1ζp1q appears
mζ times in τ , and ´mζ times in η´1. So each βζp0qζβ´1ζp1q appears in τη´1 with exponent
adding up to zero, so rγs “ rτη´1s P rpi1pX, x0q, pi1pX, x0qs. 
Proof of Theorem 5.31. We follow the notations from the proof of Theorem 5.30, but adapt
them to indicate their dependence on the index . For  ą 0, we let B1 be the first boundary
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map of chain complex of VRpXq, let p be the canonical projection kerpB1q Ñ PHVR,1 pXq
and let ρ˜ : LpX, x0q Ñ kerpB1q be given by
x0x1 ¨ ¨ ¨ xnx0 ÞÑ px0, x1q ` px1, x2q ` ¨ ¨ ¨ ` pxn, x0q.
To prove the theorem, it suffices to check that tρuą0 P HompPΠ1pXq,PHVR1 pXqq. For
0 ă  ď 1, it can be directly checked that each of the three squares in the following diagram
commutes:
PΠ
1
1 pXq L1pXq kerpB11 q PHVR,
1
1 pXq
PΠ1pXq LpXq kerpB1q PHVR,1 pXq.
ρ˜
1
p
1
ρ˜ p

Remark 5.32. By the isomorphism of persistent fundamental groups (cf. Theorem 5.12),
Theorem 5.30 follows from the standard Hurewicz theorem. Futhermore, for any n ě 1,
there exists a group homomorphism
PΠK,n pX, x0q hnÝÑ PHK,n pX, x0q.
When X is such that pii pX, x0q “ 0 for 1 ď i ď n ´ 1, the homomorphism hn is an
isomorphism.
6. Stability of Persistent Homotopy Groups
Recall that the interleaving distance between persistent groups G and H is given in Defi-
nition 3.8 by letting C “ Grp:
dIpG,Hq :“ inftδ ě 0 : G and H are δ-interleavedu.
In this section, we prove the following stability theorem for the interleaving distance of
persistent K-homotopy groups (equivalently, for persistent VR-homotopy groups):
Theorem 6.1 (dI-stability for PΠ
K
n p‚q and PΠVRn p‚q). Let pX, x0q and pY, y0q be pointed
compact metric spaces. Then, for each n P Zě1,
dI
`
PΠKn pX, x0q,PΠKn pY, y0q
˘ ď dptGHppX, x0q, pY, y0qq.
If X and Y are chain-connected, then
dI
`
PΠKn pXq,PΠKn pY q
˘ ď dGHpX, Y q.
Via the isomorphism PΠK,‚n – PΠVR,2‚n , the above two inequalities also hold for PΠVRn p‚q, up
to a factor 1
2
.
As a consequence of the above theorem, we can derive a stability theorem for fundamental
groups:
Theorem 6.2 (dGH-stability for θpi1p‚q). If compact geodesic metric spaces X and Y are
s.l.s.c., then
dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
ď 2 ¨ dGHpX, Y q.
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Given the isomorphism between the persistent fundamental group and the persistent K-
fundamental group (cf. Theorem 5.12), another immediate application of Theorem 6.1 is the
stability for persistent fundamental groups:
Theorem 6.3 (dI-stability for PΠ1p‚q). Let pX, x0q and pY, y0q be pointed compact metric
spaces. Then
dIpPΠ1pX, x0q,PΠ1pY, y0qq ď 2 ¨ dptGHppX, x0q, pY, y0qq.
6.1. Stability for PΠKn p‚q, PΠVRn p‚q and pi1p‚q. To prove Theorem 6.1, we use the stability
of homotopy interleaving distance under the Gromove-Hausdorff distance (see Theorem 3.12).
As homotopy groups depend on basepoints when spaces are not connected, all maps between
topological spaces are required to be basepoint preserving in this section.
Given an R`-space V : pR`,ďq Ñ Top, we denote by limV the limit of V together with
morphisms vt : limV Ñ Vptq for each t P R`. For any x P limV, let pV, xq be the functor
from pR`,ďq to Top˚ such that pV, xqptq “ pVt, vtpxqq and pV, xqpt ď sq “ vst . Given two
R`-spaces V and W, as well as x P limV and y P limW, we say that pV, xq and pW, yq
are weakly equivalent if V » W via basepoint preserving maps. And pV, xq and pW, yq
are said to be δ-homotopy-interleaved if there exist V1,W1 : pR`,ďq Ñ Top˚ such that
pV1, x1q » pV, xq, pW1, y1q » pW, yq for some x1 P limV1 and y1 P limW1, and pV1, x1q and
pW1, y1q are δ-interleaved.
Lemma 6.4. Let V and W be two R`-spaces. If V » W, then there exists x P limV and
y P limW such that pV, xq » pW, yq. Moreover, if pV, xq » pW, yq, then for all n ě 1,
pin ˝ pV, xq – pin ˝ pW, yq.
Proof. Since V » W, there exist an R`-space U and natural transformations f : U ñ V
and g : U ñ W that are (objectwise) weak equivalences. Because of the universal property
of limV, there exists a morphism lim f such that the following diagram commutes for all
0 ă t ď s:
Vt Ut
limV limU
Vs Us.
»
ft
lim f
»
fs
Similarly, there exists a morphism lim g : limU Ñ limW satisfying a similar commutative
diagram. Take any z P limU and let x :“ plim fqpzq and y :“ plim gqpzq. It is clear that
pV, xq » pW, yq.
In addition, we have the following commuting diagrams (for each 0 ă t ď s):
pinpVt, vtpxqq pinpWt, wtpyqq pinpVt, vtpxqq
pinpVs, vspxqq pinpWs, wspyqq pinpVs, vspxqq.
–
pinpftq˝ppinpgtqq´1
–
pinpgtq˝ppinpftqq´1
–
pinpfsq˝ppinpgsqq´1
–
pinpgsq˝ppinpfsqq´1
Thus, pin ˝ pV, xq and pin ˝ pW, yq are naturally isomorphic. 
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Lemma 6.5. Let V and W be two R`-spaces. Then, for any x P limV and y P limW,
dI ppin ˝ pV, xq, pin ˝ pW, yqq ď dHI ppV, xq, pW, yqq .
Proof. Suppose pV, xq and pW, yq are δ-homotopy-interleaved for some δ ě 0. Then there
exist V1,W1 : pR`,ďq Ñ Top˚ such that pV1, x1q » pV, xq, pW1, y1q » pW, yq for some
x1 P limV1 and y1 P limW1, and pV1, x1q and pW1, y1q are δ-interleaved. By Lemma 6.4, we
know that pin ˝ pV, xq and pin ˝ pV1, x1q are 0-interleaved, and pin ˝ pW, yq and pin ˝ pW1, y1q are
0-interleaved. Thus,
dI ppin ˝ pV, xq, pin ˝ pW, yqq ď dI ppin ˝ pV, xq, pin ˝ pV1, x1qq ` dI ppin ˝ pV1, x1q, pin ˝ pW1, y1qq
` dI ppin ˝ pW1, y1q, pin ˝ pW, yqq
ď 0` dI ppV1, x1q, pW1, y1qq ` 0
ď δ.

Proof of Theorem 6.1. We first notice that the proof of Theorem 3.12 (see [BL17, Page 20])
can be modified to show that
dHI pp|VRpXq| , x0q , p|VRpY q| , y0qq ď 2 ¨ dptGHppX, x0q, pY, y0qq.
Applying Lemma 6.5, for each n P Zě1 we obtain
dI
`
PΠVRn pX, x0q,PΠVRn pY, y0q
˘ “ dI ppin ˝ p|VRpXq| , x0q , pin ˝ p|VRpY q| , y0qq
ď dHI pp|VRpXq| , x0q , p|VRpY q| , y0qq
ď 2 ¨ dptGHppX, x0q, pY, y0qq.
It follows from Corollary 5.11 that
dI
`
PΠKn pX, x0q,PΠKn pY, y0q
˘ “ 1
2
¨ dI
`
PΠVRn pX, x0q,PΠVRn pY, y0q
˘ ď dptGHppX, x0q, pY, y0qq.
When X and Y are chain-connected, we can take the infimum over all pairs px0, y0q P XˆY
of both sides of the above Equation to get
dI
`
PΠKn pXq,PΠKn pY q
˘ “ 1
2
¨ dI
`
PΠVRn pXq,PΠVRn pY q
˘ ď dGHpX, Y q.

Proof of Theorem 6.2. By Theorem 5.18, we have the leftmost inequality below:
dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
ď dIpθpi1pXq, θpi1pY qq ď dIpPΠ1pXq,PΠ1pY qq. (9)
The second inequality is true because any δ-interleaving between PΠ1pXq and PΠ1pY q clearly
induces a δ-interleaving between θpi1pXq and θpi1pY q. It follows from Theorem 5.12 that
dIpPΠ1pXq,PΠ1pY qq “ 2 ¨ dI
`
PΠK1 pXq,PΠK1 pY q
˘
. (10)
Finally we combine Equation (9) and Equation (10) together, and then apply Lemma 6.5
for the case n “ 1, to obtain
dGH
´´
pi1pXq, µθpi1pXq
¯
,
´
pi1pY q, µθpi1pY q
¯¯
ď 2 ¨ dGHpX, Y q.

To see that persistent homotopy sometimes provides better approximation of the Gromov-
Hausdorff distance than persistent homology, we examine the following example.
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Example 6.6 (S1 ˆ S1 vs. S1 _ S1). Let T 2 “ S1 ˆ S1 denote the torus constructed as the
`8 product of two unit circles, and let C “ S1_S1 be the wedge sum of two unit circles. By
Example 5.13 and Example 5.29, the persistent homology groups of C are: for all k ě 1,
PHVRn pCq –
#pZˆ Zq ` k´1
2k´1 2pi,
k
2k`1 2pi
˘
, if n “ 2k ´ 1,
pZˆc ˆ Zˆcq “ k
2k`1 2pi,
k
2k`1 2pi
‰
, if n “ 2k.
Following from the above, we can compute the persistent homology with coefficients in R
and obtain the undecorated persistence diagrams of C as follows: for all k ě 0,
dgm2k`1pCq “
 `
k
2k`1 2pi,
k`1
2k`3 2pi
˘
,
`
k
2k`1 2pi,
k`1
2k`3 2pi
˘(
,
dgm2k`2pCq “ H.
It is clear that dgm0pCq “ dgm0pT 2q “ tp0,8qu. Together with Example 5.25, for all k ě 0,
we have dgm2k`1pT 2q “ dgm2k`1pCq, dgm4k`4pT 2q “ dgm4k`4pCq,
dgm4k`2pT 2q “
 `
k
2k`1 2pi,
k`1
2k`3 2pi
˘(
and dgm4k`2pCq “ H.
Thus,
sup
ně0
dB
`
dgmnpT 2q, dgmnpCq
˘ “ sup
n“4k`2,kě0
dB
`
dgmnpT 2q, dgmnpCq
˘
“ sup
kě0
dB
` `
k
2k`1 2pi,
k`1
2k`3 2pi
˘(
,H˘
“ sup
kě0
pi
p2k`3qp2k`1q “ pi3 .
Thus, the best approximation of dGHpT 2, Cq given by persistence diagrams is obtained at
homological dimension 2. Now let us see that the same lower bound for dGHpT 2, Cq can
already be realized by the interleaving distance between persistent fundamental groups.
Recall that
PΠ1pT 2q “ pZˆ Zq
`
0, 2pi
3
˘
and PΠ1pCq “ pZ ˚ Zq
`
0, 2pi
3
˘
.
We claim that
dIpPΠ1pT 2q,PΠ1pCqq “ pi3 .
Indeed, because the composition of group homomorphisms Z ˚ZÑ ZˆZÑ Z ˚Z can never
be IdZ˚Z, it must be true that dIpPΠ1pT 2q,PΠ1pCqq ě pi3 . By directly checking that PΠ1pT 2q
and PΠ1pCq are pi3 -interleaved, we can conclude that dIpPΠ1pT 2q,PΠ1pCqq “ pi3 .
Example 6.7 (S1 ˆ Sm vs. S1 _ Sm). For m ě 1, let Sm denote the m-sphere of radius 1,
equipped with the geodesic distance. We denote am :“ 12 arccosp´ 1m`1q. By the remarks on
Page 508 of [Kat83], pSmq is homotopy equivalent to Sm for any  P p0, amq and the inclusion
pSmq ãÑ pSmq1 is a homotopy equivalence for 0 ă  ď 1 ď am. Thus,
p|VR2‚pSmq|q |p0,amq – pSmq‚|p0,amq – Smp0, amq,
where |p0,amq means restriction of functors to the interval p0, amq and Smp0, amq is an interval
persistence module (see Page 13). Since am ď a1, we have p|VR2‚pS1q|q |p0,amq – S1p0, amq,
and thus, for each n ě 1,
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PΠVRn |p0,2amq PHVRn |p0,2amq
S1 ˆ Sm ppinpS1 ˆ Smqq p0, 2amq pHnpS1 ˆ Smqq p0, 2amq
S1 _ Sm ppinpS1 _ Smqq p0, 2amq pHnpS1 _ Smqq p0, 2amq
.
When n “ m ě 2, we apply Proposition 3.1 to the above table to obtain
PΠVRm |p0,2amq PHVRm |p0,2amq
S1 ˆ Sm Zp0, 2amq Zp0, 2amq
S1 _ Sm pZrt, t´1sqp0, 2amq Zp0, 2amq
.
Because the composition Zrt, t´1s Ñ Z Ñ Zrt, t´1s can never be IdZrt,t´1s, the leftmost
inequality below is true:
1
2
¨ am ď 12 ¨ dI
`
PΠVRm
`
S1 _ Sm˘ ,PΠVRm `S1 ˆ Sm˘˘ ď dGH `S1 _ Sm, S1 ˆ Sm˘ .
The rightmost inequality follows from Theorem 6.1. On the contrary, the restriction of
persistent homology PHVRm |p0,2amq is not enough to distinguish S1 _ Sm and S1 ˆ Sm. The
reason to work on the restriction instead of the whole persistent group is that homotopy
groups pin p|VRpSmq|q (or homology groups Hn p|VRpSmq|q) are not totally known when
 ě am.
When n “ 1, we have seen in Example 6.6 that
PΠVR1 PH
VR
1
S1 ˆ S1 pZˆ Zqp0, 2pi
3
q pZˆ Zqp0, 2pi
3
q
S1 _ S1 pZ ˚ Zqp0, 2pi
3
q pZˆ Zqp0, 2pi
3
q
.
Example 6.8 (S1 ˆ S1 vs. S1 _ S1 _ S2). By an argument similar to that of Example 6.7,
we obtain the following table for a2 “ 12 arccosp´13q and each n ě 1:
PΠVRn |p0,2a2q PHVRn |p0,2a2q
S1 ˆ S1 ppinpS1 ˆ S1qq p0, 2a2q pHnpS1 ˆ S1qq p0, 2a2q
S1 _ S1 _ S2 ppinpS1 _ S1 _ S2qq p0, 2a2q pHnpS1 _ S1 _ S2qq p0, 2a2q
.
Because S1 ˆ S1 and S1 _ S1 _ S2 have isomorphic homology groups in all dimensions, their
persistent homology restricted on the interval p0, 2a2q are also isomorphic. However,
PΠVR1 |p0,2a2qpS1 ˆ S1q “ pZˆ Zqp0, 2a2q and PΠVR1 |p0,2a2qpS1 _ S1 _ S2q “ pZ ˚ Zqp0, 2a2q
are not isomorphic. Moreover, because the composition of group homomorphisms Z ˚ Z Ñ
Zˆ ZÑ Z ˚ Z can never be IdZ˚Z, the leftmost inequality below is true:
1
2
¨ a2 ď 12 ¨ dI
`
PΠVR1
`
S1 _ S1 _ S2˘ ,PΠVR1 `S1 ˆ S1˘˘ ď dGH `S1 _ S1 _ S2,S1 ˆ S1˘ .
The rightmost inequality follows from Theorem 6.1 with n “ 1.
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6.2. Second Proof of Stability for PΠ1p‚q. In this section, inspired by Wilkins’ work
[Wil11] we provide an alternative proof of Theorem 6.3. This alternative proof is more
constructive and independent of the notion of persistent K-fundamental groups. Let us
recall the theorem here:
Theorem 6.3 (dI-stability for PΠ1p‚q). Let pX, x0q and pY, y0q be pointed compact metric
spaces. Then
dIpPΠ1pX, x0q,PΠ1pY, y0qq ď 2 ¨ dptGHppX, x0q, pY, y0qq.
Based on [Wil11, Lemma 6.3.3], we first introduce a way to construct maps between
discrete fundamental groups and prove Lemma 6.10.
Definition 6.9 (p, δq-homomorphisms). Let X and Y be compact metric spaces with base-
points x0 and y0, respectively. Let
R : X
φXÝÝÝ Z φYÝÝÝ Y
be a pointed tripod (i.e., there exits z0 P Z such that φXpz0q “ x0 and φY pz0q “ y0) with
dispRq ď . Since φY is surjective, for each δ ą 0 and each δ-loop β : rns Ñ Y , there is a
discrete loop γβ in Z such that φY ˝ γβ “ β and γβp0q “ γβpnq “ z0, as expressed by the
following diagram:
Z
X rns Y
φX φYDγβ
β
Using the above, we define a map
ψδ`δ : pi
δ
1pY, y0q Ñ pi`δ1 pX, x0q such that rβsδ ÞÑ rφY ˝ γβs`δ,
and similarly a map
φδ`δ : pi
δ
1pY, y0q Ñ pi`δ1 pX, x0q such that rαsδ ÞÑ rφX ˝ γαs`δ.
We call the maps ψδ`δ and φ
δ`
δ the p, δq-homomorphisms induced by the tripod R.
In [Wil11], Wilkins’ construction of group homomorphisms between discrete fundamental
groups is induced by some isometric embeddings of X and Y into a common metric space Z,
and is applicable to any  ą 2dZHpX, Y q. Notice that given a tripod R between metric spaces
X and Y , R induces a metric space ZR which X and Y are isometrically embedded into, with
dZRH pX, Y q “ 2 dispRq. We will prove in the next lemma that Definition 6.9 defines group
homomorphisms for all  ą 2 dispRq “ dZRH pX, Y q, which is an improvement over Wilkins’
construction.
Lemma 6.10. With the notation from Definition 6.9, the p, δq-homomorphisms induced by
a tripod R:
ψδ`δ : pi
δ
1pY, y0q Ñ piδ`1 pX, x0q and φδ`δ : piδ1pX, x0q Ñ piδ`1 pY, y0q
are well-defined group homomorphisms. Furthermore,
ψ :“ tψδ`δ uδą0 P HompPΠ1pY q,PΠ1pXqq, φ :“ tψδ`δ uδą0 P HompPΠ1pXq,PΠ1pY qq,
and
ψ ˝ φ “ 12PΠ1pXq, φ ˝ ψ “ 12PΠ1pY q.
In other words, PΠ1pXq and PΠ1pY q are -interleaved via ψ and φ.
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Proof. Fix δ ą 0. For a δ-loop β in Y , since φY is surjective, let γβ be a discrete loop in Z
such that φY pγβq “ β and γβp0q “ γβpnq “ z0. Because of the fact that pφXpγβq, βq P RL
and by Lemma 4.22, φXpγβq is an p` δq-loop in X. So ψδ`δ maps to pi`δ1 pX, x0q.
Claim 1: ψδ`δ is independent of the choice of γβ.
Suppose β “ y0y1 ¨ ¨ ¨ yn with yn “ y0 is a δ-loop in Y . Suppose that γβ “ z0 ¨ ¨ ¨ zn
and γ1β “ z10 ¨ ¨ ¨ z1n, where zn “ z1n “ z10 “ z0 the basepoint of Z. For each i P rns, as
yi “ φY pziq “ φY pz1iq, we have
dXpφXpziq, φXpz1iqq ď dY pyi, yiq ` dispRq ď ,
and for each i “ 0, ¨ ¨ ¨ , n´ 1, we have
dXpφXpziq, φXpz1i`1qq ď dY pyi, yi`1q ` dispRq ď δ ` .
Thus, inserting φXpz1iq between φXpzi´1q and φXpziq is a basic move up to pδ` q-homotopy,
for all i “ 1, ¨ ¨ ¨ , n. This results into the following pδ ` q-chain in X:
φXpz0qφXpz11qφXpz1q ¨ ¨ ¨φXpz1nqφXpznq.
By sequentially removing φXpziq for each i “ 1, ¨ ¨ ¨ , n, we obtain a pδ ` q-homotopy from
φXpγβq to φXpγ1βq. Hence, rφXpγβqsδ` “ rφXpγ1βqsδ`.
Claim 2: ψδ`δ is independent of the choice of β.
Suppose β „δ1 β1 in Y , where β “ y0y1 ¨ ¨ ¨ yn and β1 “ y10y11 ¨ ¨ ¨ y1m with yn “ y1m “ y10 “ y0.
Then there is a δ-homotopy in Y :
HY “ tβ “ β0, β1, ¨ ¨ ¨ , βk´1, βk “ β1u
such that each βj differs from βj´1 by a basic move. For each βj, let γβj be a discrete loop
in Z such that φY pγβjq “ βj and γβjp0q “ γβjpnq “ z0. Then
HX “
 
φXpγβ0q, φXpγβ1q, ¨ ¨ ¨ , φXpγβk´1q, φXpγβkq
(
is an p` δq-homotopy between φXpγβq and φXpγβ1q. Therefore,
ψδ`δ prβsδq “ rφXpγβqs`δ “ rφXpγβ1qs`δ “ ψδ`δ prβ1sδq.
Claim 3: ψδ`δ is a group homomorphism.
Take two δ-loops β and β1 in Y , and choose γβ and γβ1 so that ψδ`δ prβsδq “ rφXpγβqs`δ
and ψδ`δ prβ1sδq “ rφXpγβ1qs`δ as before. It follows from φXpγβ ˚γβ1q “ φXpγβq ˚φXpγβ1q thatpφXpγβq ˚ φXpγβ1q, β ˚ β1q P RL. Thus,
ψδ`δ prβ ˚ β1sδq “ rφXpγβq ˚ φXpγβ1qs`δ “ ψδ`δ prβsδqψδ`δ prβ1sδq.
Claim 4: PΠ1pXq and PΠ1pY q are -interleaved via ψ and φ.
Note that the following diagram commutes for all δ ď δ1:
PΠδ1pY q PΠδ`1 pXq
PΠδ
1
1 pY q PΠδ1`1 pXq.
ψ
ΦY
δ,δ1 Φ
X
δ`,δ1`
ψ
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Indeed, given a δ-loop β in Y , let γβ be a discrete loop in Z chosen as before. Then,
ψ ˝ ΦYδ,δ1prβsδq “ ψprβsδ1q “ rφXpγβqsδ1`,
ΦXδ`,δ1` ˝ ψprβsδq “ ΦXδ`,δ1`prφXpγβqsδ`q “ rφXpγβqsδ1`.
Therefore, ψ P HompPΠ1pY q,PΠ1pXqq and a similar argument can be applied to prove
that φ P HompPΠ1pXq,PΠ1pY qq. Also, by directly checking the relevant definitions, it is
not hard to see that ψ ˝ φ “ 12PΠ1pXq and φ ˝ ψ “ 12PΠ1pY q. 
It is clear that Lemma 6.10 immediately implies Theorem 6.3.
The next lemma refines Lemma 6.3.3 from [Wil11] by improving the factors in equations
(11) and (12) from 1
4
to 1
2
:
Lemma 6.11. Let X and Y be chain-connected compact metric spaces.
(1) Assume that there exist δ ą λ ą 0 and  ą 0 such that ΦXλ,`δ is surjective. If
dGHpX, Y q ă 12 mint, δ ´ λu, (11)
then there exists a pointed tripod R such that for any px0, y0q P R, the p, δq-homomorphism
ψδ`δ : pi
δ
1pY, y0q Ñ piδ`1 pX, x0q induced by R is surjective.
(2) Suppose that there exist λ ă  such that ΦXt1,t2 and ΦYt1,t2 are surjective for every
λ ď t1 ă t2 ď . Given λ ă δ ă δ1 ă 1 ă , if
dGHpX, Y q ă 12 mintδ ´ λ, δ1 ´ δ, ´ 1u, (12)
then we have the following commutative diagram:
pi
1
1 pY q pi1pXq
piδ
1
1 pY q piδ1pXq
ψδ
1
δ
ΦY
δ1,1 ΦXδ,
φδ
1
δ
Proof. For Part (1), let τ :“ 1
2
mint, δ ´ λu. Since dGHpX, Y q ă τ , there exists a tripod
R : X
φXÝÝÝ Z φYÝÝÝ Y
with dispRq ă 2τ ď . Take a pair px0, y0q P R, and then let X and Y are based at
x0 and y0, respectively. Let ψ
δ`
δ : pi
δ
1pY, y0q Ñ piδ`1 pX, x0q be the p, δq-homomorphism
induced by R given in Definition 6.9. It has been proved in Lemma 6.10 that ψδ`δ is a
group homomorphism. It remains to show ψδ`δ is surjective. Let α be an p` δq-loop in X.
Because ΦXλ,`λ is surjective, there exists a λ-loop α1 in X that refines α. Let γα1 be a discrete
loop in pZ, z0q such that φXpγα1q “ α1. By Lemma 4.22, φY pγα1q is a pλ` dispRqq-loop, and
thus a pδ ` q-loop because λ ă δ and dispRq ă . It follows that
ψδ`δ prφY pγα1qsδq “ rφXpγα1qs`δ “ rαs`δ.
Hence, ψδ`δ is surjective. As X and Y are chain-connected, the same result holds for any
other choice of basepoints.
For Part (2), let τ be equal to the right side of Equation (12). As in Part (1), we choose
a tripod R with dispRq ă 2τ . Take a pair px0, y0q P R, and then let X and Y are based at
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x0 and y0, respectively. Let α be a δ-loop in X, and let γα be a discrete loop in pZ, z0q such
that φXpγαq “ α. Since δ ` 2τ ď δ1, we have φδ1δ prαsδq “ rφY pγαqsδ1 . Thus,
ψδ
1
δ ˝ ΦYδ1,1 ˝ φδ1δ prαsδq “ ψδ1δ ˝ ΦYδ1,1prφY pγαqsδ1q “ ψδ1δ prφY pγαqs1q “ rαs “ ΦXδ,prαsδq.

7. Application to Finite Metric Spaces
In this section, we analyze several examples of finite metric spaces to further understand
the generalized subdendrograms obtained in Lemma 4.27. In general, given a pointed metric
space pX, x0q, the set of discrete loops LpX, x0q is in bijection with the set XN “ ttxiuiPN :
xi P Xu. Even when X is a finite metric space, LpX, x0q can have large cardinality, making
the illustration of its subdendrogram rather difficult. To simplify the graphical representation
of the resulting subdendrograms, we introduce the equivalence relation „ on LpX, x0q given
by:
γ „ γ1 iff γ and γ1 have the same birth time δ ě 0 and γ „δ1 γ1,
which implies that γ „1 γ1 for all  ě δ. Clearly, „ is an equivalence relation and we denote
LpX, x0q :“ LpX, x0q { „,
and write rγs for the equivalence class of a discrete loop γ under the relation „. Let pX :
LpX, x0q  LpX, x0q be the resulting quotient map, i.e., pXpγq “ rγs. It is not hard to see
that LpX, x0q is a monoid under the operation pXpγq ‚ pXpγ1q :“ pXpγ ˚ γ1q. The existence
of inverse elements is not guaranteed because γ ˚ γ´1, where birthpγq “ δ ą 0, is a δ-loop
and cannot be equivalent to the 0-loop x0. Let L
pX, x0q be the set of equivalence classes of
discrete loops in X with birth time , i.e.,
LpX, x0q :“
˜
LpX, x0q ´
ď
δă
LδpX, x0q
¸M
„ .
It is clear that LpX, x0q is a semigroup, i.e., it is closed under the operation ‚ which satisfies
the associative property. Furthermore, LpX, x0q is a sub-semigroup of LpX, x0q.
It can be directly checked that the constructions and results in §4.4 all apply here:
‚ The pseudo-ultrametric µp1qX on LpX, x0q induces a pseudo-ultrametric on LpX, x0q,
still denoted by µ
p1q
X . In particular, for any two discrete loops γ and γ
1,
µ
p1q
X prγs, rγ1sq :“ µp1qX pγ, γ1q.
‚ Let pX, x0q and pY, y0q be in Mpt. Then each pointed tripod
R : X
φXÝÝÝ Z φYÝÝÝ Y
induces the following tripod between LpX, x0q and LpY, y0q:
RL :“ LpX, x0q pX˝φXÝÝÝÝÝÝ LpZ, z0q pY ˝φYÝÝÝÝÝÝ LpY, y0q,
with dispRq ď dispRLq.
‚ Given pX, x0q and pY, y0q in Mpt,
dGHpLpX, x0q, LpY, y0qq ď dptGHppX, x0q, pY, y0qq.
‚ Let X be a compact geodesic space or a finite metric space. The map  ÞÑ pi1pX, x0q
induces a generalized subdendrogram over LpX, x0q, denoted by θsLpX,x0q.
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Proposition 7.1. Given pX, x0q PMpt and  ą 0, if LpX, x0q is non-empty, then LpX, x0q
is isomorphic to a sub-semigroup of pi1pX, x0q.
Proof. It suffices to show the map f : LpX, x0q Ñ pi1pX, x0q, with rγs Ñ rγs is an injective
semigroup homomorphism. Given discrete loops γ and γ1 with birth time  such that γ „ γ1,
we have γ „1 γ1. Thus, f is well-defined. Clearly, f preserve the semigroup operation. It
remains to check that f is injective. Indeed, if fprγsq “ fprγ1sq for some γ and γ1 with birth
time , then γ „1 γ1. Thus, we have γ „ γ1. 
The following corollary follows immediately:
Corollary 7.2. Let pX, x0q P Mpt and  ą 0. If pi1pX, x0q “ 0 and LpX, x0q ‰ H, i.e.,
there exists a discrete loop γ in X with birth time , then
LpX, x0q “ trγsu .
Finite Tree Metric Spaces. Recall from Page 10 that a finite tree metric space pT, dT q
is a finite metric space where dT satisfies the four-point condition. It is proved in Theorem
2.1 of [CCR13, Supplementary material] that the k-th homology group of VRpT q is 0 for
all k ě 1. By adapting the proof, we obtain the following theorem applicable to persistent
fundamental groups:
Theorem 7.3. Let T be a finite tree metric space and fix  ą 0. For each x0 P T , we have
PΠ1pT, x0q “ 0.
Proof. Recall from Theorem 4.15 that pi1pT, x0q – pi1 p|VRpT q| , x0q . When  ě diampT q,|VRpT q| is contractible and thus has trivial fundamental group. Let us assume  ă diampT q
and show that pi1 p|VRpT q| , x0q “ 0 for all x0 P T by induction on the cardinality of T .
It is clear that the statement is true when T contains only one point. Now we suppose
that pi1 p|VRpT 1q| , x10q “ 0 for all x10 P T 1, whenever T 1 is a tree metric space with cardinalityă n. Let T be a tree metric space with n points, based at point x0. Recall the equivalence
relation „0 given on Page 17, under which T breaks up into equivalence classes T “ \αTα.
When T is not -connected, each Tα has cardinality ă n. By the induction hypothesis, if
x0 P Tβ for some β, then pi1 p|VRpT q| , x0q “ pi1 p|VRpTβq| , x0q “ 0.
We suppose next that T is -connected. Let x1 and x2 be two points in T such that
dT px1, x2q “ diampT q. We denote T1 :“ T ´ tx1u and T2 :“ T ´ tx2u. It has been shown
in Proposition 2.2 and Theorem 2.1 of [CCR13, Supplementary material] that the following
are true:
‚ |VRpT q| “ |VRpT1q| Y |VRpT2q|, where |VRpTiq| is path connected for i “ 1, 2;
‚ |VRpT1q| X |VRpT2q| “ |VRpT ´ tx1, x2uq| is path connected.
‚ |VRpT1q|, |VRpT2q| and |VRpT ´ tx1, x2uq| all have trivial fundamental groups
based at x0, by the induction hypothesis.
Let x0 be distinct from x1 and x2. Then we can apply the van-Kampen theorem (see [Hat01,
Theorem 1.20]) to conclude:
pi1 p|VRpT q| , x0q “ pi1 p|VRpT1q| , x0q ˚ pi1 p|VRpT2q| , x0q “ 0
As |VRpT q| is connected, we finally obtain pi1 p|VRpT q| , x˜0q “ pi1 p|VRpT q| , x0q for any
x˜0 P T . 
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7.1. Finite Metric Spaces Arising from Graphs. Next we study the discrete loop set
and the persistent fundamental group of graphs. All our graphs are finite, undirected and
simple (i.e., with no self-loops or multiple edges) graphs, with weight 1 on each edge. Given
a graph G, we can obtain a metric space by equipping the vertex set with the shortest path
distance dG. For simplicity, the resulting metric space is written as pG, dGq, where the base
space shall be understood as the vertex set of G. The girth of a graph is the length of its
shortest cycle or 8 for a forest (see [Ada13]).
Proposition 7.4 (Fact 2.1 & Proposition 2.2, [Ada13]). For any connected graph G and
r ě 1, the map of fundamental groups
pi1 p|VR1pGq|q pi1 p|VRrpGq|q
induced by the inclusion VR1pGq ãÑ VRrpGq is surjective. Furthermore, if r ě 1 is such that
G is a graph of girth at least 3r ` 1, then
pi1 p|VRk´1pGq|q –ÝÑ pi1 p|VRkpGq|q
for each 2 ď k ď r.
Let n P Zě3. A cycle graph Cn is a graph on n vertices containing a single cycle through all
its vertices. A star graph Sn is a tree on n vertices where one vertex (called the center) has
degree n´1 and the others have degree 1. Because of the symmetry, the set of discrete loops
LpCn, v0q and the persistent fundamental group PΠ1pCn, v0q do not depend on choices of the
basepoint v0. As for Sn, we always choose its center to be the basepoint. For convenience,
we denote the vertex set V pCnq “ t0, 1, ¨ ¨ ¨ , n ´ 1u such that dCnpi, i ` 1q “ 1, and denote
the vertex set V pSnq “ t0, 1, ¨ ¨ ¨ , n´ 1u, with 0 the basepoint in both cases.
12
0
3 2
1
0
Figure 6. Graphs C3 (left) and S4 (right).
For later purpose, we introduce another metric space on the set of n points, En :“
pt0, 1, ¨ ¨ ¨ , n´ 1u, dEnq, where
dEnpi, jq “
#
1, if i ‰ j,
0, if i “ j.
Theorem 7.5 (Corollary 6.6, [Ada13]). For any n ě 3 and 0 ď r ă n
2
, there are homotopy
equivalences
|VRrpCnq| –
#
S2l`1, if l
2l`1 ă rn ă l`12l`3 for some l “ 0, 1, ¨ ¨ ¨ ,Žn´2r´1 S2l, if r
n
“ l
2l`1 for some l “ 0, 1, ¨ ¨ ¨ .
For any integer k ě 1
2
n, |VRkpCnq| is contractible.
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For n P Zě3 and r “ 0, ¨ ¨ ¨ ,
X
n
2
\
, we denote the following r-loop in Cn as
γr :“ 0rpr ` 1q ¨ ¨ ¨ pn´ 1q0.
Although γr depends on n, for simplicity of notation we do not specify n unless necessary.
Proposition 7.6. Fix n P Zě3.
(1) Let txu denote the largest integer less than or equal to x. Then
PΠ1pCnq “ PHVR1 pCnq “ Z
“
1,
X
n`2
3
\˘
.
Furthermore, for r “ 1, ¨ ¨ ¨ , Xn´1
3
\
, a generator of PΠr1pCnq is rγrsr.
(2) We have pseudo-ultrametric space
LpCnq “
 rγ0s, rγ˚kr s, rγss : r “ 1, ¨ ¨ ¨ , Xn´13 \; s “ Xn`23 \, ¨ ¨ ¨ , Xn2 \; k P Z´ t0u( ,
with the pseudo-metric µ
p1q
Cn
given by: for k, k1 P Z´ t0u,
µ
p1q
Cn
prγ˚kr s, rγ˚k1r1 sq “
$’&’%
0, if r “ r1 “ 0
max
 X
n´1
3
\
, r
(
, if r1 “ 0, r ě 1
maxtr, r1u, otherwise.
Proof. For Part (1), we first apply Theorem 7.5 to obtain that |VRrpCnq| – S1 iff 1 ď r ăX
n`2
3
\
and PΠr1pCnq “ PHVR,r1 pCnq “ 0 otherwise. Clearly, a generator of PΠ11pCnq is rγ1s1.
Since the girth of Cn is n, Proposition 7.4 implies that the inclusion VR1pCnq ãÑ VRrpCnq
induces an isomorphism
PΠ11pCnq Ñ PΠr1pCnq with rγ1s1 ÞÑ rγ1sr “ rγrsr,
for r “ 1, ¨ ¨ ¨ , Xn´1
3
\
. Thus, rγrsr is a generator of PΠr1pCnq for r “ 1, ¨ ¨ ¨ ,
X
n´1
3
\
.
For (2), we first notice that the possible birth times of discrete loops in Cn are 0, ¨ ¨ ¨ ,
X
n
2
\
and each γr has birth time r. For r “ 0 or
X
n`2
3
\
, ¨ ¨ ¨ , Xn
2
\
, because Part (1) implies that
PΠr1pCnq “ 0, by Proposition 7.2 we then have
LrpCnq “ trγrsu.
When r “ 1, ¨ ¨ ¨ , Xn`2
3
\
, we claim
LrpCnq “
 rγ˚ki s : k P Z´ t0u( .
It is clear that trγ˚kr s : k P Z ´ t0uu Ă LrpCnq, so it remains to show that any discrete loop
with birth time r is r-homotopic to γkr for some k P Z´ t0u, which is true because PΠr1pCnq
is generated by rγrsr. The calculation of µp1qCn is straightforward, given Proposition 7.4. 
Remark 7.7. Note that
´
LpCnq , µp1qCn
¯
can be represented by the generalized subdendrogram
depicted in Figure 7, where the pseudo-ultrametric induced by the generalized subdendro-
gram (see Page 17) agrees with µ
p1q
Cn
.
Now let us apply Proposition 7.6 to the cases n “ 3 and 4. It follows that PΠ1pC3q “ 0,
and
´
LpC3q , µp1qC3
¯
is a two-point pseudo-metric space given by the distance matrix
µ
p1q
C3
“
rγ0s rγ1s„ 
0 1 rγ0s
1 rγ1s
.
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1 2 3
X
n´1
3
\X
n`2
3
\ X
n
2
\rγ0s
rγ˚k1 s
rγ˚k2 s
rγ˚k3 s
”
γ˚ktpn´1q{3u
ı“γtpn`2q{3u‰
“
γtn{2u
‰
. . . . . .
. . . . . .
. . .
. . .

LpCnq
Figure 7. Generalized subdendrogram over LpCnq, where k runs over non-
zero integers for each rγ˚kr s when r “ 1, ¨ ¨ ¨ ,
X
n´1
3
\
.
Similarly, we have PΠ1pC4q “ Zr1, 2q. The corresponding generalized subdendrograms over
LpC3q and LpC4q are depicted in Figure 8.
1
rγ0s
rγ1s

LpC3q
1 2
rγ0s
rγ˚k1 s
rγ2s

LpC4q
Figure 8. Generalized subdendrogram over LpC3q (left) and LpC4q (right).
Proposition 7.8. Fix n P Zě3. Then,
(1) PΠ1pSnq “ 0;
(2) LpSnq “ trλ0s, rλ1s, rλ2su, where λ0 “ 0, λ1 “ 010 and λ2 “ 0120. And the pseudo-
metric µ
p1q
Sn
is given by the distance matrix
µ
p1q
Sn
“
rλ0s rλ1s rλ2s« ff
0 1 2 rλ0s
1 2 rλ1s
2 rλ2s
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Proof. The possible birth times of discrete loops in Sn are 0, 1 and 2. Since Sn is a finite
tree, by Proposition 7.3 we have PΠr1pSnq “ 0 for all r. It then follows from Proposition 7.2
that there is only one equivalence class for each possible birth time, which are λ0, λ1 and
λ2. 
The corresponding generalized subdengrogram over LpSnq is depicted in Figure 9.
1 2
rλ0s
rλ1s
rλ2s

LpSnq
Figure 9. Generalized subdendrogram over LpSnq.
Next we compute the Gromov-Hausdorff distance between cycle graphs and star graphs,
and then compare it with several distances given in Proposition 7.11.
Proposition 7.9. For m,n P Zě3, we have
dGHpCm, Snq “
$’&’%
1
2
`X
m
2
\´ 1˘ , if m ě 6,
1, if 3 ď m ď 5 and m ă n´ 1,
1
2
if 3 ď m ď 5 and m ě n´ 1.
Remark 7.10. Exactly same statement in Proposition 7.9 is true for dptGHppCm, 0q, pSn,0qq
as well, because the proof still holds if we require all tripods to be pointed, i.e., containing
p0,0q.
Proposition 7.11. For m,n P Zě3, we have the following:
(1) dGH
´´
Cm, µ
p0q
Cm
¯
,
´
Sn, µ
p0q
Sn
¯¯
“ 1
2
when m ‰ n, and 0 otherwise.
(2) 1
2
¨ dIpPΠ1pCmq,PΠ1pSnqq “ 12 ¨ dBpdgm1pCmq, dgm1pSnqq “ 14 ¨
`X
m`2
3
\´ 1˘ .
Remark 7.12. Since Proposition 7.9 implies that dGH pCm, Snq Ñ 8 as mÑ 8, we can see
that the value given by Proposition 7.11 (1) is not ideal as a lower bound for dGHpCm, Snq.
Although strictly less than dGHpCm, Snq, Proposition 7.11 (2) increases to infinity as mÑ 8.
Proof of Proposition 7.9. The proof is divided into four cases:
(a) m ě 6.
(b) m ě 4 and m ě n´ 1.
(c) m “ 4 or 5, and m ă n´ 1.
(d) m “ 3.
To distinguish points in Cm and Sn, we will write the vertex set of Cm as t0, 1, ¨ ¨ ¨ ,m ´ 1u
and the vertex set of Sn as t0,1, ¨ ¨ ¨ ,n ´ 1u. For any two positive integers l and k, by
l mod k we will mean the remainder of the Euclidean division of l divided by k.
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When m ě 4, diampCmq “
X
m
2
\ ě 1 “ radpSnq and each point in Cm has an antipode.
Thus, we can apply Proposition 3.6 to obtain
1
2
¨ `Xm
2
\´ 1˘ ď dGHpCm, Snq ď 12 ¨ Xm2 \. (13)
For case (a): m “ 6, we claim that dGHpCm, Snq “ 12 ¨
`X
m
2
\´ 1˘. Because of Equation
(13), it remains to construct a tripod R such that dispRq ď Xm
2
\´1. In other words, we want
the tripod R to satisfy the following condition: @pi1, j1q, pi2, j2q P R,
|dCmpi1, i2q ´ dSnpj1, j2q| ă
X
m
2
\
.
Given m ě 6, it is always true that @pi1, j1q, pi2, j2q P R,X
m
2
\ ă ´2 ď dCmpi1, i2q ´ dSnpj1, j2q ď Xm2 \. (14)
Since the leftmost inequality of Equation (14) is strict, we have that
|dCmpi1, i2q ´ dSnpj1, j2q| “
X
m
2
\
,
iff dCmpi1, i2q ´ dSnpj1, j2q “
X
m
2
\
,
iff dCmpi1, i2q “
X
m
2
\
and dSnpj1, j2q “ 0.
Therefore, to construct a tripod R with dispRq ď Xm
2
\ ´ 1, it suffices to construct a tripod
where any pair of antipodes in Cm do not correspond to the same point in Sn. More precisely,
R shall satisfy the condition:
@pi1, j1q, pi2, j2q P R, if dCmpi1, i2q “
X
m
2
\
, then j1 ‰ j2. (˚)
Suppose m “ 2k for some k ě 3. When m ě n, we define a tripod R1 between Cm and
Sn by
R1 :“ tpi, 2i mod nq, pk ` i, p2i` 1q mod nq : i “ 0, ¨ ¨ ¨ , k ´ 1u .
When m ă n, we define a tripod R2 between Cm and Sn by
R2 :“
 pi mod m, 2iq, ppk ` iq mod m, 2i` 1q : i “ 0, ¨ ¨ ¨ , Xn´1
2
\(
.
Next we assume m “ 2k ` 1 for some integer k ě 3. When m ě n, we define a tripod R3
between Cm and Sn by
R3 :“ tp0,0q, pk ´ i, p2i` 1q mod nq, pm´ i,2i mod nq : i “ 0, ¨ ¨ ¨ , k ´ 1u .
When m ă n, we define a tripod R4 between Cm and Sn by
R4 :“
 ppk ´ iq mod m, 2i` 1q, ppm´ iq mod m, 2iq : i “ 0, ¨ ¨ ¨ , Xn´1
2
\(
.
It can be directly checked that R1, R2, R3 and R4 are tripods satisfying Condition (˚).
For case (b): m ě 4 and m ě n ´ 1, we claim that dGHpCm, Snq “ 12 ¨
`X
m
2
\´ 1˘.
Let k :“ Xm
2
\
. Because of Equation (13), it remains to construct a tripod R such that
dispRq ď Xm
2
\ ´ 1. We will use the same constructions R1, R2, R3 and R4 as case (a) in
corresponding cases. Indeed, when m is even, we use R1 if m ě n and R2 if m “ n´1; when
m is odd, we use R3 if m ě n and R4 if m “ n ´ 1. Assume l “ 1, 2, 3, 4. Let i1 and i2 be
any two points from Cm, and suppose pi1, j1q are pi2, j2q in Rl. If i2 “ i1` k, then it can be
checked that
0 ď k ´ 2 ď dCmpi1, i2q ´ dSnpj1, j2q ď k ´ 1. (15)
If dCmpi1, i2q ď k ´ 1, then
´ pk ´ 1q ď ´1 ď dCmpi1, i2q ´ dSnpj1, j2q ď k ´ 1. (16)
PERSISTENT HOMOTOPY GROUPS OF METRIC SPACES 55
The second inequality of Equation (16) is true because when i1 “ i2 ‰ 0, we always have
j1 “ j2 due to the construction of Rl, and when i1 “ i2 “ 0, we have dSnpj1, j2q ď 1 (for R2
and R4, this argument relies on the condition m “ n´ 1). By Equation (15) and Equation
(16), we have dispRlq ď k ´ 1.
For case (c): m “ 4 or 5, and m ă n ´ 1, we claim that dGHpCm, Snq “ 12 ¨
X
m
2
\ “ 1. By
the upper bound from Equation (13), it suffices to show that for each tripod R between Cm
and Sn, dispRq ě
X
m
2
\ “ 2. By the pigeonhole principle, since m ă n ´ 1, there must be
two elements i, j P t1, ¨ ¨ ¨ ,n ´ 1u such that pl, iq, pl, jq P R for some l P Cm. Therefore,
dispRq ě dSnpi, jq “ 2.
For case (d): m “ 3, since diampC3q “ 1 and diampSnq “ 2, Proposition 3.5 implies that
1
2
“ 1
2
¨ |1´ 2| ď dGHpCm, Snq ď 12 ¨max t1, 2u “ 1.
If m ă n ´ 1, we can apply the pigeonhole principle as in case (c), to show each tripod
between Cm and Sn has distortion 2. Thus, dGHpCm, Snq reaches the upper bound value 1.
If m ě n ´ 1, i.e., n “ 3 or 4, we claim that dGHpCm, Snq “ 12 by constructing tripod with
distortion 1. Indeed, we can again utilize the construction R3 for n “ 3 and R4 for n “ 4.
It is not hard to verify that their distortions are both 1. 
Proof of Proposition 7.11. For (1), we first notice that
´
Cm, µ
p0q
Cm
¯
– pEm, dEmq and
´
Sn, µ
p0q
Sn
q
¯
–
pEn, dEnq, where the metric space pEn, dEnq is given in Page 50. When m “ n, it is clear
that dGH ppEn, dEnq, pEn, dEnqq “ 0. When m ‰ n, suppose without loss of generality that
m ą n. We claim that
dGH ppEm, dEmq, pEn, dEnqq “ 12 .
By Proposition 3.5, dGH ppEm, dEmq, pEn, dEnqq ď 12 . It remains to show that 12 is also a
lower bound for dGH ppEm, dEmq, pEn, dEnqq. Given any pointed tripod R, as Em has more
points than En, some distinct points in Em must correspond to the same point in En. Thus,
dispRq ě 1´ 0 “ 1.
For Part (2), note that
dIpPΠ1pCmq,PΠ1pSnqq “ dIpPHVR1 pCmq,PHVR1 pSnqq “ dBpdgm1pCmq, dgm1pSnqq.
It follows from Proposition 7.6 (1) that dgm1pCmq “
 `
1,
X
m`2
3
\˘(
for m ą 3 and H for
m “ 3, and from Proposition 7.8 (1) it follows that dgm1pSnq “ H. Thus,
dBpdgm1pCmq, dgm1pSnqq “ 12 ¨
`X
m`2
3
\´ 1˘ .

7.2. Discretization of S1. Let the unit circle S1 be embedded into the complex plane with
the center at 0, i.e., S1 “ tz P C : |z| “ 1u. Again, we equip S1 with its geodesic metric d.
For n P Zě0, we consider the metric subspace of pS1, dq:
∆n :“
"
e
2piik
n : k P rn´ 1s
*
,
where i “ ?´1. For simplicity, we write ∆n “ t0, 1, ¨ ¨ ¨ , n´1u and assume 0 is the basepoint.
Also, we denote d|∆nˆ∆n by dn and note that p∆n, dnq –
`
Cn,
2pi
n
dCn
˘
. For example, Figure
10 shows the graphs corresponding to ∆3 and ∆4.
Proposition 7.13. We have the following:
(1) dGHpp∆3, d3q, p∆4, d4qq “ pi4 .
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12
0
1
2
0
3
Figure 10. Graphs of ∆3 (left) and ∆4 (right).
(2) dGH
´´
∆3, µ
p0q
∆3
¯
,
´
∆4, µ
p0q
∆4
¯¯
“ pi
4
.
(3) dGH
´´
Lp∆3q , µp1q∆3
¯
,
´
Lp∆4q , µp1q∆4
¯¯
“ pi
6
.
(4) 1
2
¨ dIpPΠ1p∆3q,PΠ1p∆4qq “ 12 ¨ dBpdgm1p∆3q, dgm1p∆4qq “ pi8 .
Proof. For (1), we first note that Impd3q “
 
0, 2pi
3
(
and Impd4q “
 
0, pi
2
, pi
(
. For any pointed
tripod R : p∆3, 0q φÝÝ Z ψÝÝ p∆4, 0q, we have
pi
2
“ min  pi ´ 0, pi
2
´ 0( ď max
z,z1PZ
|d3pφpzq, φpz1qq ´ d4pψpzq, ψpz1qq| ď dispRq,
since ∆4 has more elements than ∆3. It follows that dGHp∆3,∆4q ě pi4 . Next we construct
a tripod R whose distortion is pi
2
, by first defining two set maps f and g as in Figure
11. We set Z “ ∆3 \ ∆4, and define set maps φ “ pId∆3 , fq : ∆3 \ ∆4 Ñ ∆3 and
ψ “ pg, Id∆4q : ∆3 \ ∆4 Ñ ∆4. This forms a pointed tripod R. By direct calculation, we
obtain dispRq “ pi
2
.
0
1
2
0
1
2
3
∆3 ∆4
f
0
1
2
0
1
2
3
∆3 ∆4
g
Figure 11. Two set maps f : t0, 1, 2u Ñ t0, 1, 2, 3u and g : t0, 1, 2, 3u Ñ t0, 1, 2u.
For (2), apply a similar argument as in Part (1): since ∆4 has more elements than ∆3,
any pointed tripod R satisfies
pi
2
“ pi
2
´ 0 ď dispRq.
It follows that dGH
´´
∆3, µ
p0q
∆3
¯
,
´
∆4, µ
p0q
∆4
¯¯
ě pi
4
. To see that dGH
´´
∆3, µ
p0q
∆3
¯
,
´
∆4, µ
p0q
∆4
¯¯
“
pi
4
, we utilize the same set maps f and g given in Figure 11 and construct the same tripod
R as in (1). With the metrics µ
p0q
∆3
and µ
p0q
∆4
, a direct calculation shows that dispRq “ pi
4
.
For (3), we first apply Proposition 3.5 to see that
dGH
´´
Lp∆3q , µp1q∆3
¯
,
´
Lp∆4q , µp1q∆4
¯¯
ě 1
2
¨ `pi ´ 2pi
3
˘ “ pi
6
.
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Next we construct a tripod R whose distortion is pi
3
, by first defining two set maps f and
g as in Figure 12. We set Z “ Lp∆3q \ Lp∆4q, and define set maps φ “ pIdLp∆3q, fq and
ψ “ pg, IdLp∆4qq. These define a pointed tripod R, with dispRq “ pi3 .
rγ0s
rγ1s
rγ0s
rγ1s
rγ2s
. . .
Lp∆3q Lp∆4)
f
rγ0s
rγ1s
rγ0s
rγ1s
rγ2s
. . .
Lp∆3q Lp∆4)
g
Figure 12. Two set maps f : Lp∆3q Ñ Lp∆4q and g : Lp∆4q Ñ Lp∆3q.
Recall from Page 51 that in the cycle graph Cn, we defined the discrete loop γr
for r “ 1, ¨ ¨ ¨ , Xn´1
3
\
. As ∆n and Cn have the same underlying space t0, ¨ ¨ ¨ , n´
1u, the notation γr can be inherited. Although γr depends on n, we will not
specify n in the notation when the concept is clear. The dots in Lp∆4q represent
rγ˚k1 s for integer k ‰ 0, 1.
For (4), because p∆n, dnq –
`
Cn,
2pi
n
dCn
˘
, we have
PΠ1p∆3q “ 0 and PΠ1p∆4q “ Z
“
pi
2
, pi
˘
.
Therefore, dgm1p∆3q “ H and dgm1p∆4q “ tppi2 , piqu. It follows immediately that
dIpPΠ1p∆3q,PΠ1p∆4qq “ dIpPHVR1 p∆3q,PHVR1 p∆4qq “ dBpdgm1p∆3q, dgm1p∆4qq “ pi4 .

Remark 7.14. The symmetry property of p∆n, dnq guarantees that dGHpp∆3, d3q, p∆4, d4qq “
dptGHpp∆3, 0, d3q, p∆4, 0, d4qq. In Theorem 4.3, Theorem 4.23 and Theorem 6.3, we have proved
that (2), (3) and (4) are lower bounds of (1), the Gromov-Hausdorff distance, under certain
restrictions.
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